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Flux-driven quantum spin liquids in kagome optical lattices
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Quantum spin liquids (QSLs) define an exotic class of quantum ground states where spins are disordered down
to zero temperature. We propose routes to QSLs in kagome optical lattices using applied flux. An optical flux
lattice can be applied to induce a uniform flux and chiral three-spin interactions that drive the formation of a
gapped chiral spin liquid. A different approach based on recent experiments using laser-assisted tunneling and
lattice tilt implements a staggered flux pattern which can drive a gapless spin liquid with symmetry protected
nodal lines. Our proposals, therefore, establish kagome optical lattices with effective flux as a powerful platform
for exploration of QSLs.
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I. INTRODUCTION

QSLs are highly entangled spin states that are quan-
tum disordered down to zero temperature and, therefore, do
not display conventional features of magnetism. But QSLs
may nonetheless offer explanations for strongly correlated
phenomena observed in some materials [1,2]. Frustration is
known to favor certain types of QSLs. Kagome lattice models
of spins, in particular, serve as a central archetype hosting a
broad array of QSLs. It is now well established that ground
states arising from the standard antiferromagnetic Heisenberg
interaction (Si · S j , where Si is the usual spin operator at a site
i) on a kagome lattice can be driven into exotic spin liquids
when certain three-spin interactions [Si · (S j × Sk )] are added
to the Heisenberg interaction [3–9].

When the three-spin interaction is added uniformly every-
where to the kagome lattice, a chiral spin liquid (CSL) arises
[4,5,7] since it is an exact ground state of similar interactions
[6,10]. A CSL is related to a bosonic Laughlin state [3,6,11],
and, as such, derives some of the same properties. The CSL is
a topologically ordered ground state and is, therefore, twofold
degenerate on the torus. Such a topological degeneracy is
a key feature of gapped topologically ordered states that
can be used to uniquely identify them in numerics [12–15].
The CSL also possesses chiral edge modes; it derives from
flux attachment in effective Chern-Simons theories [8]; and,
furthermore, the CSL hosts exotic anyon excitations whereby
braiding of anyons changes the many-body wave function
by a nontrivial phase [16,17]. Identifying such exotic braid
statistics in the laboratory is a key goal of quantum many-body
physics [17].

Prospects for driving kagome antiferromagnets into the
CSL remains daunting and rare in the published literature.
Recent works with ultracold atoms placed in optical lattices
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[18,19] show promise because not only are kagome lattices
possible [20,21], but also temperatures low enough to realize
antiferromagnetic order derived from superexchange between
fermionic atoms have recently been realized [22] with atomic
gas microscopes [23–40]. One recent idea suggests that a
CSL may be realizable in systems of polar molecules using
long-ranged dipolar interactions in optical lattices [41]. In this
paper, we examine a very different approach based on more
common short-ranged interactions of fermionic atoms in the
presence of tunable fluxes.

We model fermionic atoms placed in kagome optical lat-
tices with flux. Effective flux in optical lattices can be realized
in a variety of ways [42–48,48–54]. We show that an optical
flux lattice [44,45,48,53] can be used to generate a sufficient
amount of flux to perturbatively drive virtual currents in
an underlying Hubbard model [55–57]. Figure 1(a) shows
one fermion per site in the Mott limit. Ordinary hopping is
prevented, but virtual hops around triangles can capture flux
to drive three-spin terms needed to enhance the CSL. The
equivalent amount of flux for such terms in a solid with an
∼1-Å interatomic spacing would require large magnetic fields
∼104 T. We will, therefore, show that an optical flux lattice in
a kagome optical lattice offers a more direct route to the CSL
than what is achievable in solids with ordinary magnetic-field
strengths.

We also model effective flux generated by laser-assisted
tunneling combined with a potential tilt as first implemented
in square optical lattices [51,52]. When examining this setup
in a kagome optical lattice, we find that the effective flux
pattern is staggered [Fig. 1(b)]. We speculate that this flux
pattern may be able to drive an interesting gapless spin
liquid recently discovered numerically [9] to host symmetry
protected nodal lines and may, thus, offer a platform to study
gapless spinon surfaces [58–61]. Overall, we show that flux
applied to kagome optical lattices offers a powerful tool to
study QSLs, in particular, the long sought chiral spin liquid,
and, possibly, a spin liquid with gapless spinon surfaces.

This paper is organized as follows. In Sec. II, we discuss
the well-known Hubbard limit of kagome optical lattices. We
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FIG. 1. Schematic of one fermion per site (black spheres) on a
kagome lattice. The white spheres denote virtual current driven by
flux passing through the lattice. The plus and minus signs denote
the sign of the flux captured by the virtual currents. Panels (a) and
(b) show a uniform (staggered) flux pattern. In the Heisenberg limit
of a Hubbard model, virtual currents encircling flux lead to chiral
three-spin terms that drive spin liquids.

generalize to the case of complex hopping and describe a
calculation showing that, for large optical lattice depths (weak
hopping), the interactions lead to spin models with interesting
three-body terms that drive spin liquid formation. This section
describes a calculation we will use in the remainder of the
paper. In Sec. III, we discuss an optical flux lattice setup
that leads to a uniform effective flux [Fig. 1(a)]. We use
the derivation in Sec. II to argue that the optical flux lattice
establishes three-spin terms favoring a CSL. In Sec. IV, we
discuss a route to introduce a staggered flux [Fig. 1(b)] with
laser-assisted tunneling and a lattice tilt. We again use Sec. II
to argue for a spin model with three-spin terms. Although here
we find that the resulting three-spin terms are staggered and
relate to recent work on gapless spin liquids with nodal spinon
surfaces [9]. We end with a summary and conclusion in Sec. V
where we also discuss practical aspects: entropy requirements
and methods to observe these spin liquid phases.

II. HUBBARD MODEL AND KAGOME LATTICES

We begin by discussing the mathematical connection be-
tween effective spin models and Hubbard models in the pres-
ence of flux. Sections III and IV will rely on the derivation
here as a route to model two distinct proposals to realize
effective flux in kagome optical lattices. In both cases, we
assume fermionic alkali atoms equally populating the two
lowest hyperfine states to yield a pseudospin. We also assume
that they are loaded into a kagome optical lattice [20,21,62].
The details of the kagome optical lattice setup have been
discussed elsewhere [21] where it was found that overlaying
two triangular optical lattices formed from lasers with com-
mensurate wavelengths yield potentials deep enough to realize
the Hubbard limit [20,21,63]. For laser intensities yielding a
Bloch bandwidth well below the band gap, we have [20,21,63]

Hα = Hα
0 + U

∑
i

ni↑ni↓, (1)

where the second term is a repulsive Hubbard interaction
originating from the s-wave scattering between atoms in spin
states σ ∈ {↑,↓}. Here, niσ = a†

iσ aiσ is defined in terms of
dressed fermion annihilation (a jσ ) and creation (a†

iσ ) operators

at site Ri. The first term is a single-particle hopping term,

Hα
0 = −

∑
〈i j〉

tα
i ja

†
iσ a jσ , (2)

with nearest-neighbor hopping matrix elements tα
i j . Equa-

tion (1) defines the essential degrees of freedom we will
examine.

We will discuss two different strategies to realize effective
magnetic fields strong enough to drive Mott insulating states
toward QSLs in kagome optical lattices. The first strategy,
discussed in Sec. III, will examine the optical flux lattice as
a route to a uniform flux pattern, Fig. 1(a), α = Un. The
second strategy, discussed in Sec. IV, will examine laser-
assisted tunneling combined with a potential tilt as a route to
implement a staggered flux lattice, Fig. 1(b), α = St. In both
cases, the flux can be described by effective gauge fields A
captured by a complex hopping via the Peierls transformation:
tα
i j = |ti j | exp(i�i j/�0) where the flux on a bond is �i j =∫ R j

Ri
A · dr. The flux then leads to an Aharonov-Bohm phase

difference as a particle tunnels around a triangle: 2π��/φ0,
where �� = ∫

�
(∇ × A) · d2r is the flux through an upward-

pointing triangle in the kagome lattice (�∇ is defined in
the same way but for downward-pointing triangles). In the
following, we work in units of h̄ = a = q = 1 where a is the
lattice spacing and q is the effective charge so that �0 = 2π .

We now turn to interaction effects in the Heisenberg limit
to study the role of our proposed flux patterns in driving QSLs.
Equation (1) is well approximated by spin models when there
is one particle per site and for t � U . In this limit, we can
derive the spin model by expanding Hα perturbatively in
powers of t/U using exp(iK )Hα exp(−iK ) where K is an
operator that changes the number of doubly occupied sites
[64]. Projecting into the limit of one particle per site, we have
[55,56,64]

Hα ≈ JH

∑
〈i j〉

Si · S j + JC(�)

⎡
⎣ ∑

i jk∈�

Si · (S j × Sk )

+ Pα

∑
i jk∈∇

Si · (S j × Sk )

⎤
⎦ + O(t4/U 3), (3)

where we have used the mapping: Si = (1/2)a†
iσ σσ,σ ′aiσ ′ with

σσ,σ ′ as the elements of the usual Pauli matrices. The first term
is the usual antiferromagnetic Heisenberg term arising from
two virtual hops along bonds: JH = 4t2/U . Here, we assumed
that the magnitude of the hopping on all bonds t is the same
without loss of generality.

In the absence of flux, corrections to the usual Heisenberg
(two-spin) interaction are fourth-order (four-spin) terms. But
here we note that three-spin terms in Eq. (3) arise pertur-
batively from third-order virtual hops around triangles due
to the presence of an effective field. One can see that they
are nonzero only in the presence of time-reversal symme-
try breaking on individual triangles due to effective fluxes:
JC(�) = (24t3/U 2)| sin(2π��,∇/�0)| since JC(�) vanishes
at zero flux. In the following, we seek routes to impose the
maximum amount of flux through each triangle: |��,∇| =
�0/4 to maximize the strength of the three-spin terms.
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The parameter Pα captures both the uniform flux Pα=Un = 1
(�� = �∇ ) and the staggered flux cases Pα=St = −1 (�� =
−�∇ ) discussed below.

The lowest-order corrections to Eq. (3) arise from fourth-
order virtual hops. Corrections of order t4/U 3 modify JH. In
addition to modifying JH, fourth-order corrections also give
rise to next-nearest-neighbor Heisenberg terms, e.g., Si · Si+2.
We exclude next-nearest-neighbor Heisenberg terms in the
following.

The following two sections propose to realize both uniform
and staggered fluxes and, therefore, Eqs. (1)–(3) in kagome
optical lattices. We will discuss how each separate setup can
be approximated by Eq. (2) but with different flux patterns.
We discuss the role of interactions by using the derivation of
the above general spin model to argue that a Mott insulator
placed in a deep optical lattice is approximated by special
cases of Eq. (3). The uniform flux case (α = Un) will yield
a three-spin term in Eq. (3) that is the same on all triangles
in the lattice (Sec. III). The staggered flux case (α = St) will
yield a three-spin term in Eq. (3) with a sign that alternates
from triangle to triangle (Sec. IV).

III. UNIFORM FLUX FROM AN OPTICAL FLUX LATTICE

Optical flux lattices [44] offer a straightforward route to
implement a uniform effective flux in a kagome optical lattice.
In optical flux lattices proposed so far, the lowest (of two)
hyperfine states adiabatically evolves under external lasers so
that Berry’s phase of an atom adiabatically changes around
closed loops in a lattice to mimic an effective magnetic field.
Details of different optical flux lattices have been discussed
in the literature [44,45,48,53]. A particularly versatile setup
was proposed in Ref. [45] wherein a two-photon dressed state
can be used to address many common atomic species. There it
was argued that low-loss fermionic atoms, which have already
been laser cooled, such as 171Yb and 199Hg, can be used.
By loading them into the lowest two hyperfine levels and
addressing with two lasers detuned from the first excited level,
one can effect Berry’s phase change. The low-energy states
in this proposal [45] yield just a single-component fermion
moving in an effective magnetic field.

To generate effective flux for a system of two-component
fermions (a spin model), we consider a straightforward two-
copy generalization of Ref. [45] where the atoms are loaded
into four near-degenerate lowest levels (as opposed to just
two). Beams implementing the optical flux lattice are similarly
detuned from excited states. The resulting four hyperfine
states reduce to a dressed state of just the two lowest levels,
thus, leading to an effective spin in an optically induced
field. The dynamics of each atom leads to Berry’s phase
[44] which is equivalent to a flux passing through a closed
loop, identical for each of the two lowest hyperfine states.
Candidate atoms include isotopes of alkaline-earth-like atoms,
such as 173Yb and 87Sr [65–67] which can be used to prepare
SU (N )-symmetric Hubbard models. Recent work has been
able to use optical pumping to load 137Yb into four degen-
erate lowest levels and cool into a Mott insulator displaying
spin correlations [68]. These four levels can be split with a
Zeeman field to yield an excellent candidate for a two-copy
generalization of Ref. [45].

We first examine the noninteracting part of the kagome
optical flux lattice. The optical flux lattice arises from counter
propagating lasers defining the usual kagome potential but for
the four hyperfine states so that, for each pair of hyperfine
states, the single-particle Hamiltonian becomes

H̃Un
0 = p2

2m
+ VL

3∑
l=1

[
cos(kl · r) − 1

5
cos(2kl · r)

]
σl , (4)

where VL is the lattice depth, k1 = (0, 1), k2 =
(
√

3/2,−1/2), k3 = (−√
3/2,−1/2), and σl are the Pauli

matrices. If the kinetic energy is much smaller than the gap
of the second term, the ground state adiabatically follows
the second term in a dressed state φ(r). Writing the ground
eigenstate of the second term as |�〉† = [φ1(r), φ2(r)]
we assume that the ground state of this Hamiltonian is
nondegenerate everywhere. Projecting to its lower band leads
to an effective two-component Hamiltonian with the vector
potential A = i〈�|∇r|�〉 where the effective magnetic flux
density perpendicular to the plane of the lattice becomes
nφ ≡ (∇ × A) · ẑ/�0.

The top panel of Fig. 2 plots the lowest energy of the
potential term in Eq. (4) EL for a single spin. Here, we see
that minima correspond to a kagome lattice as expected. The
bottom panel plots the flux density in the lattice. The flux
density pattern shows that the flux piercing each triangle is
the same, thus, corresponding to Fig. 1(a).

The flux through the lattice can be tuned to yield a complex
hopping. Passing to the tight-binding limit, we assume that
VL is large enough to keep all atoms in the lowest band of
the kagome lattice (more than a few atomic recoils). Equa-
tion (4) then becomes well approximated by Eq. (2) with
complex hopping ti j = t exp(i�i j/�0), where t is real and
the same for all bonds. The hoppings capture a uniform flux
passing through all triangles in the kagome lattice (�� =
�∇). We have checked that the flux passing through triangles
in Fig. 2 is maximized: Im[t12t23t31] = t3 sin(2π��/�0) =
t3 sin(2π�∇/�0) ≈ t3. This shows that an optical flux lattice
can be tuned to yield a large uniform effective flux through
a kagome optical lattice captured by the Hubbard model
discussed in Sec. II.

We now turn to interaction effects in the uniform flux
case. We assume the Hubbard limit with one particle per site.
Perturbation theory discussed in Sec. II with complex hopping
leads to a spin model of the form

HUn ≈ JH

∑
〈i j〉

Si · S j + JC(�0/4)
∑

i jk∈{δ,∇}
Si · (S j × Sk )

+ O(t4/U 3), (5)

where we assumed a uniform flux �� = �∇ = �0/4 that
leads to the three-spin interaction term that is uniform
throughout the lattice and JC(�0/4) = 24t3/U 2.

We expect Eq. (5) to lead to a gapped CSL [3,6,7,10]. The
three-spin term on the kagome lattice and, therefore, large
JC(�) ∼ t3/U 2 in Eq. (5), strongly favors the CSL. But the
derivation of Eq. (5) is most accurate in the perturbative limit
t/U � 1. We, therefore, search for an intermediate range
of t/U which lies in the perturbative regime whereas still
favoring the CSL.
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FIG. 2. Top: Lowest energy of the potential term in Eq. (4) EL,
used to implement the optical flux lattice for lattice depth VL = 1.
Position is plotted in units of the lattice spacing a. The atoms sit
at the energy minima (dark regions). Bottom: The same as the top
but for the magnitude of the effective flux density nφ . The bright
spots within the triangles show that atoms experience a uniform flux
through the triangles [Fig. 1(a)].

We study the robustness of the CSL over the entire pa-
rameter range using unbiased exact diagonalization for small
system sizes. We use the Krylov-Schur algorithm [69] which
allows us to handle degenerate eigenvalues. This method is
essentially exact (it includes all quantum fluctuations) and
gives the same results as other unbiased methods on small
lattices. We work on a finite system size, 18 spins (2 × 3 unit
cells) with periodic boundaries to obtain the lowest-energy
states. We point out that similar small-system size studies in
the fractional quantum Hall regime on related models [70] are
applicable to the thermodynamic limit because correlations in
gapped topological phases are known to decay exponentially.
For example, system sizes as small as eight particles capture
the low-energy roton structure of the fractional quantum Hall

FIG. 3. Lowest-energy eigenvalues of the spin model with uni-
form effective flux [Eq. (5)] for 18 spins in 2 × 3 unit cells with
periodic boundaries. The lowest energy is set to zero. The strengths
of the Heisenberg and chiral three-spin terms are parametrized
with JH = J cos(θ ) and JC(�) = J sin(θ ), respectively. With this
parametrization, we have tan(θ ) = 6t/U and �� = �∇ = �0/4 in
the original Hubbard model. The right side of the graph is dominated
by the three-spin term where we see two ground states defining the
CSL. Different colors indicate different total spin sectors: Sz = 0
(red), Sz = 1 (blue), Sz = 2 (green), and Sz = 3 (orange).

states [12]. Since the CSL maps to the bosonic fractional
quantum Hall states, the presence of the gap and other cor-
roborating numerics [7] allow us to make conclusions about
the robustness of the CSL.

Figure 3 plots the lowest energies of Eq. (5) as a function
of the relative strength of each term using exact diagonaliza-
tion. To perform a more compact exploration of parameter
space, we define new interaction parameters J and θ via
JH = J cos(θ ) and JC(�0/4) = J sin(θ ), corresponding to
tan(θ ) = 6t/U and �� = �∇ = �0/4 in the original Hub-
bard model. By varying θ in Fig. 3, we can tune between
the Heisenberg (left) and three-spin (right) limits in Eq. (5).
The rightmost side of the graph shows a twofold degenerate
ground state (arrows) as expected for a CSL on a torus. There
is a gap to a third state that remains robust for θ � π/4,
i.e., JC/JH � 0.5. In this regime, we see that deviations from
the exact CSL generating model [6] lift the exact degeneracy
induced by the three-spin term at θ = π/2. Nonetheless, the
CSL remains robust since the gap does not close. The gap
is even somewhat enhanced by the two-spin term. Larger
system size numerics [7] show an even larger range of stability
JC/JH � 0.15 in the thermodynamic limit.

Returning to the original Hubbard parameters, this range of
CSL stability t/U � 0.16 for 18 spins and t/U � 0.026 in the
thermodynamic limit corresponds to parameters well within
the assumption of the perturbative regime. This brings us to
our central result: An optical flux lattice induces third-order
virtual currents which, in turn, drive a CSL state in the Mott
insulator regime of a Hubbard-kagome optical lattice. We
discuss possible routes to observation of the CSL in Sec. V.
The next section discusses a method to introduce staggered
flux and possibly a different QSL in a kagome optical lattice.
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FIG. 4. Schematic of a kagome optical lattice with two additional
fields applied to create a staggered effective flux [Fig. 1(b)]. The
arrows denote a uniform potential gradient (tilt) from a gravitational
field, magnetic field, or another method. The green arrows denote the
direction of the moving lattice created by additional Raman beams.

IV. STAGGERED FLUX FROM A MOVING OPTICAL
LATTICE

We now discuss a separate method to introduce flux in
a kagome optical lattice. The method is based on a scheme
recently used to implement complex hopping in a square
optical lattice [51,52] with a tilt (which can be applied using
a variety of methods including a magnetic field or gravity)
and a moving lattice. The moving lattice is established by two
additional Raman lasers applied perpendicular to the tilt.

Figure 4 shows a schematic of the kagome lattice
containing two species of fermion, e.g., 40K with both
external fields applied, the tilt, and the moving lattice. The
kinetic energy of the atoms under the applied fields becomes
a function of time τ ,

H̃St
0 = −t

∑
〈i j〉σ

c†
iσ c jσ +

∑
iσ

[ � · Ri + V (Ri, τ )]c†
iσ ciσ , (6)

where the annihilation and creation operators refer to
undressed fermions [as in Eq. (2) but prior to the applied
fields] in Wannier states localized at sites i and j. The second
term results from the tilt field � = �[x̂ + (

√
3/3)ŷ]/2

such that � · R1 = 0 and � · R2 = � · R3 = �/2 where
we assume the positions of the three sites in a unit cell
are R1 = 0, R2 = x̂, and R3 = (1/2)x̂ + (

√
3/2)ŷ. The last

term is due to a moving lattice created by additional lasers
added to the lasers defining the kagome potentials: V (r, τ ) =
� sin(P · r − τ�), where P = −(π/2)x̂ + (

√
3π/2)ŷ is

the momentum of the moving lattice such that P · � = 0
and P · R3 = P · R1 + π/2 = P · R2 + π . Here, we have
chosen an oscillation frequency that helps maximize flux and
equalizes the magnitude of the hopping along all bonds.

We derive a steady-state effective model for the fermions
under the applied fields. By computing the Wannier func-
tions in the presence of the tilt, we find a Wannier-Stark
effect which allows the moving lattice to generate a complex
hopping (see Appendix A). Appendix B shows that the flux
through the kagome lattice is staggered [Fig. 1(b)]. Specifi-
cally, we find that a tilt and moving lattice applied to fermions

in a kagome optical lattice results in Eq. (2) with complex
hopping and staggered flux to yield �� = −�∇ = �0/4. We
have checked that varying the angle and other parameters
does not lead to a uniform flux, although other irregular flux
patterns are possible. We conclude that a method already
realized in the laboratory (introducing flux in optical lattices
using a tilt and a moving lattice) always leads to staggered
flux patterns in kagome optical lattices.

We now turn to interaction effects in the staggered flux
case. We again take the Hubbard limit of a deep optical lattice
with one particle per site. Arguments discussed in Sec. II lead
to a spin model of the form

HSt ≈ JH

∑
〈i j〉

Si · S j

+ JC(�0/4)

⎡
⎣∑

i jk∈�

Si · (S j × Sk ) −
∑

i jk∈∇
Si · (S j × Sk )

⎤
⎦

+ O(t4/U 3), (7)

where we assumed a staggered flux �� = −�∇ = �0/4 that
leads to a three-spin interaction term that alternates from
triangle to triangle and JC(�0/4) = 24t3/U 2.

We now speculate on the role of strong interactions in
the staggered flux case. The staggered flux ground state of
Eq. (7) is argued [9] to be a gapless spin liquid where the
zero-energy excitations fall along three nodal lines that all
cross zero in momentum space. The gapless nodal lines are
protected by symmetry but finite-size effects may open a gap.
We used numerical exact diagonalization on Eq. (7) with up
to 18 spins with periodic boundary conditions to study the
spectrum in all spin sectors. We find small gaps (�0.05JC)
at expected gapless points. We conclude that large system
sizes are needed to see the degeneracy because the gapless
spectrum allows strong finite-size effects. Numerical work on
kagome ladders with as many as 200 spins show a gap [9]
that decreases linearly with system size from ∼0.012JC for
50 spins to below 0.002JC for 200 spins, thus, establishing a
gapless phase for large system sizes. This paper also shows
that the gapless phase is stable for JC/JH � 0.8. This range
corresponds to t/U � 2/3 and |��,∇| = �0/4 in terms of
Hubbard parameters, indicating that the gapless spin liquid
phase is, indeed, reachable in a perturbative limit where t/U is
still less than one. Further work would be needed to study the
gapless phase for lower values of t/U where the perturbative
limit is more precise.

V. CONCLUSION

Fermions in a kagome optical lattice in the Heisenberg
limit can be driven into QSLs by applying fluxes that lead
to chiral three-spin terms. If the final state of the combined
lattice/flux system is to approximate a thermal state, we must
assume that the initial state is at low enough entropies [71] to
lead to an approximation to the QSLs discussed here. Recent
work estimates that entropies per particle below ∼0.8kB are
needed to reach the Laughlin regime of bosons [72], which
is closely related to the CSL. The entropy to reach the
bosonic Laughlin state is within reach of atomic gas micro-
scopes [22–40] which have already realized the Heisenberg
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(antiferromagnetic) limit in a square optical lattice [22] with
entropies per particle below ln(2)kB ≈ 0.7kB. To make such
an estimate for the CSL, a detailed study of the high-energy
statistics of the CSL would be needed to extract an entropy-
temperature relationship. Such a study is beyond the scope of
the present paper.

The gapless spin liquid, by contrast, hosts a large number
of (nearly) zero-energy states and may, therefore, offer fa-
vorable entropy requirements. The required entropy (which
scales as the logarithm of the number of ground states) is
not as low as the CSL. A single spin excitation along one
of the degenerate nodal lines hosts an entropy per particle
∼ ln(N )/NkB for N spins. High occupancy of degenerate
nodal lines implies that entropy can be large in finite-sized
systems. From an entropy perspective, gapless spin liquids,
therefore, appear to be simpler to realize because the low-
energy manifold can be accessed at higher entropies in finite-
sized systems.

QSL ground states discussed here are more difficult to ob-
serve than conventionally ordered spin states (e.g., antiferro-
magnetic or ferromagnetic states [22,73,74]) because the QSL
ground states are uniform and otherwise featureless. The most
obvious route to observe the CSL is the gap, manifest in the
energy cost to change the spin imbalance. The absence of a net
magnetization but an observable gap would offer strong evi-
dence for a CSL. Additionally, the CSL has chiral edge modes
which could be observable using the spin analog of recently
realized quantized circular dichroism [75,76]. Spin liquids
also distinguish themselves in their excitations. CSLs have
anyon excitations which can lead to nontrivial power-law be-
havior [41,77] in the dynamical structure factor and can be ob-
served with Bragg scattering [78–81]. More local probes can
be used to directly observe anyons in optical lattices captured
by spin models [82]. The gapless spin liquid phase can be
revealed in measures of the dynamical structure factor as exci-
tations populate degenerate nodal lines, revealing the gapless
spinon surfaces. In this paper, we have constructed a route to
such spin liquids in ultracold atom systems with short-ranged
interactions to foster their identification in the laboratory.
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APPENDIX A: WANNIER-STARK STATES AND THE
EFFECTIVE HAMILTONIAN

In this Appendix, we show that Eq. (6) leads to Eq. (2)
with complex hopping and effective flux. To find a parameter
regime yielding an effective flux from a combination of a tilt
and a moving lattice, we first study the impact of the first
two terms in Eq. (6) on the basis of Wannier functions. We
numerically solve for the eigenmodes for a system which is
finite along the direction of tilt whereas infinite along the
orthogonal axis. The momentum along the orthogonal axis k⊥
is a good quantum number. In the limit of strong tilt, we find
two types of states plotted in Fig. 5. States localized near site

FIG. 5. Eigenvalues of the static part of Eq. (6) (� = 0) plotted
against lattice momentum perpendicular to the tilt for � = 20t . The
kagome lattice is infinite along the direction of the moving lattice
but extends three unit cells along the direction of the tilt, Fig. 4. The
dispersive (flat) bands define delocalized (localized) states used to
vary hopping around triangles.

R1 are dispersionless since their hopping to sites R2 and R3

(see Fig. 4) are suppressed due to the energy difference, and
there is no hopping possible along the direction perpendicular
to the tilt. These states appear as flat bands in Fig. 5. (This
suppression of hopping is key to allowing the moving lattice
to generate a complex hopping.) States localized near sites R2

and R3 can hop freely along the direction perpendicular to the
tilt and, therefore, form the dispersive bands in Fig. 5 with
bandwidth 4t . Wannier-Stark states are then constructed from
the Fourier transform of the Bloch states where the phases are
chosen to yield states maximally localized on a lattice site. We
denote the Wannier-Stark states localized near Ri by |i〉.

In the basis of Wannier-Stark states, the Hamilto-
nian in the presence of both the tilt and the moving
lattice becomes: hWS

0 = −t
∑′

〈i j〉 |i〉〈 j| + ∑
i( � · Ri )|i〉〈i| +

�
∑

i j |i〉〈i| sin(P · r − τ�)| j〉〈 j|, where the prime on the

sum indicates a sum only over bonds such that � · (Ri −
R j ) = 0. To remove the time dependence, we pass to the rotat-
ing basis, defined by the unitary time-evolution operator: U =
exp {i ∑i[−( � · Ri )τ − FP,r cos(P · Ri − τ�)]|i〉〈i|}, where
FP,r ≡ (�/�)〈0| cos P · r|0〉. Using U , we can now remove
the time dependence in hWS

0 using: U †hWS
0 U − iU †(∂U/∂t ).

The resulting model is time independent but now describes
dressed fermions with complex hopping, i.e., we retrieve
Eq. (2). Direct numerical simulation of the Wannier func-
tions and computation of the resulting imaginary part of the
hopping shows that staggered flux with tunable strength is
possible. An analytic argument for the staggered flux pattern
can be derived in the weak-� limit.

APPENDIX B: STAGGERED FLUX IN THE WEAK-� LIMIT

In this Appendix, we show that the flux derived from
Eq. (6) is staggered. We have computed this numerically
in a tight-binding construction of the complex hoppings
in Eq. (2). We can work in the weak-� limit to allow
analytic expressions demonstrating the mechanism behind
the staggered flux. If we let indices 1–3 refer to the sites in
the upward-pointing triangle in Fig. 4 we find (for weak �)
a complex hopping: t1n ≈ �〈1|e−iP·r|n〉/(2i) for n = 2, 3,
and real hopping along the remaining bond in the triangle:
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t23 ≈ tJ0[(2�/�) sin(P · R23/2)]. We have checked using
maximally localized Wannier functions that we can maximize
the flux through the plaquettes and adjust � to set t = |t12| =
|t23| = |t31|, leading to Im[t12t23t31] = t3 sin(2π��/�0) ≈
t3. This shows that we can use the moving lattice to induce an
effective flux in the kagome lattice.

The flux for the downward triangles is different. One
can show that t1n ∼ exp[iP · (R1 + Rn)] for weak � whereas

t23 is real and the same for all triangles. This implies that
the sign of the flux is the opposite for downward pointing
triangles in comparison to upward-pointing triangles in Fig. 4,
i.e., t3 sin(2π�∇/�0) ≈ −t3. The change in the sign of the
flux arises from the change in sign of the moving lattice
potential set by P. This behavior contrasts with the uniform
flux realized using the same technique but in square optical
lattices.

[1] L. Balents, Nature (London) 464, 199 (2010).
[2] Y. Zhou, K. Kanoda, and T.-K. Ng, Rev. Mod. Phys. 89, 025003

(2017).
[3] V. Kalmeyer and R. B. Laughlin, Phys. Rev. Lett. 59, 2095

(1987).
[4] X. G. Wen, F. Wilczek, and A. Zee, Phys. Rev. B 39, 11413

(1989).
[5] X. G. Wen, Int. J. Mod. Phys. B 04, 239 (1990).
[6] M. Greiter, D. F. Schroeter, and R. Thomale, Phys. Rev. B 89,

165125 (2014).
[7] B. Bauer, L. Cincio, B. P. Keller, M. Dolfi, G. Vidal, S. Trebst,

and A. W. W. Ludwig, Nat. Commun. 5, 5137 (2014).
[8] K. Kumar, K. Sun, and E. Fradkin, Phys. Rev. B 92, 094433

(2015).
[9] B. Bauer, B. P. Keller, S. Trebst, and A. W. W. Ludwig, Phys.

Rev. B 99, 035155 (2019).
[10] D. F. Schroeter, E. Kapit, R. Thomale, and M. Greiter, Phys.

Rev. Lett. 99, 097202 (2007).
[11] R. B. Laughlin, Phys. Rev. Lett. 50, 1395 (1983).
[12] F. D. M. Haldane and E. H. Rezayi, Phys. Rev. Lett. 54, 237

(1985).
[13] F. D. M. Haldane, Phys. Rev. Lett. 55, 2095 (1985).
[14] X. G. Wen, Phys. Rev. B 40, 7387 (1989).
[15] X. G. Wen and Q. Niu, Phys. Rev. B 41, 9377 (1990).
[16] F. Wilczek, Phys. Rev. Lett. 49, 957 (1982).
[17] C. Nayak, S. H. Simon, A. Stern, M. Freedman, and S. Das

Sarma, Rev. Mod. Phys. 80, 1083 (2008).
[18] I. Bloch, J. Dalibard, and W. Zwerger, Rev. Mod. Phys. 80, 885

(2008).
[19] C. Gross and I. Bloch, Science 357, 995 (2017).
[20] L. Santos, M. A. Baranov, J. I. Cirac, H. U. Everts, H.

Fehrmann, and M. Lewenstein, Phys. Rev. Lett. 93, 030601
(2004).

[21] G.-B. Jo, J. Guzman, C. K. Thomas, P. Hosur, A. Vishwanath,
and D. M. Stamper-Kurn, Phys. Rev. Lett. 108, 045305
(2012).

[22] A. Mazurenko, C. S. Chiu, G. Ji, M. F. Parsons, M. Kanász-
Nagy, R. Schmidt, F. Grusdt, E. Demler, D. Greif, and M.
Greiner, Nature (London) 545, 462 (2017).

[23] W. S. Bakr, J. I. Gillen, A. Peng, S. Fölling, and M. Greiner,
Nature 462, 74 (2009).

[24] J. F. Sherson, C. Weitenberg, M. Endres, M. Cheneau, I. Bloch,
and S. Kuhr, Nature (London) 467, 68 (2010).

[25] W. S. Bakr, A. Peng, M. E. Tai, R. Ma, J. Simon, J. I. Gillen, S.
Folling, L. Pollet, and M. Greiner, Science 329, 547 (2010).

[26] M. Endres, M. Cheneau, T. Fukuhara, C. Weitenberg, P.
Schauss, C. Gross, L. Mazza, M. C. Banuls, L. Pollet, I. Bloch,
and S. Kuhr, Science 334, 200 (2011).

[27] C. Weitenberg, M. Endres, J. F. Sherson, M. Cheneau, P. Schau,
T. Fukuhara, I. Bloch, and S. Kuhr, Nature (London) 471, 319
(2011).

[28] R. Islam, R. Ma, P. M. Preiss, M. Eric Tai, A. Lukin, M. Rispoli,
and M. Greiner, Nature (London) 528, 77 (2015).

[29] S. Hild, T. Fukuhara, P. Schauß, J. Zeiher, M. Knap, E. Demler,
I. Bloch, and C. Gross, Phys. Rev. Lett. 113, 147205 (2014).

[30] P. M. Preiss, R. Ma, M. E. Tai, J. Simon, and M. Greiner, Phys.
Rev. A 91, 041602(R) (2015).

[31] L. W. Cheuk, M. A. Nichols, M. Okan, T. Gersdorf, V. V.
Ramasesh, W. S. Bakr, T. Lompe, and M. W. Zwierlein, Phys.
Rev. Lett. 114, 193001 (2015).

[32] M. F. Parsons, F. Huber, A. Mazurenko, C. S. Chiu, W.
Setiawan, K. Wooley-Brown, S. Blatt, and M. Greiner, Phys.
Rev. Lett. 114, 213002 (2015).

[33] E. Haller, J. Hudson, A. Kelly, D. A. Cotta, B. Peaudecerf, G. D.
Bruce, and S. Kuhr, Nat. Phys. 11, 738 (2015).

[34] M. Miranda, R. Inoue, Y. Okuyama, A. Nakamoto, and M.
Kozuma, Phys. Rev. A 91, 63414 (2015).

[35] R. Yamamoto, J. Kobayashi, T. Kuno, K. Kato, and Y.
Takahashi, New J. Phys. 18, 023016 (2016).

[36] M. F. Parsons, A. Mazurenko, C. S. Chiu, G. Ji, D. Greif, and
M. Greiner, Science 353, 1253 (2016).

[37] M. Boll, T. A. Hilker, G. Salomon, A. Omran, J. Nespolo, L.
Pollet, I. Bloch, and C. Gross, Science 353, 1257 (2016).

[38] L. W. Cheuk, M. A. Nichols, K. R. Lawrence, M. Okan, H.
Zhang, E. Khatami, N. Trivedi, T. Paiva, M. Rigol, and M. W.
Zwierlein, Science 353, 1260 (2016).

[39] J.-y. Choi, S. Hild, J. Zeiher, P. Schauss, A. Rubio-Abadal,
T. Yefsah, V. Khemani, D. A. Huse, I. Bloch, and C. Gross,
Science 352, 1547 (2016).

[40] J. H. Drewes, L. A. Miller, E. Cocchi, C. F. Chan, N. Wurz,
M. Gall, D. Pertot, F. Brennecke, and M. Köhl, Phys. Rev. Lett.
118, 170401 (2017).

[41] N. Y. Yao, M. P. Zaletel, D. M. Stamper-Kurn, and A.
Vishwanath, Nat. Phys. 14, 405 (2018).

[42] R. A. Williams, S. Al-Assam, and C. J. Foot, Phys. Rev. Lett.
104, 050404 (2010).

[43] M. Aidelsburger, M. Atala, S. Nascimbène, S. Trotzky, Y.-A.
Chen, and I. Bloch, Phys. Rev. Lett. 107, 255301 (2011).

[44] N. R. Cooper, Phys. Rev. Lett. 106, 175301 (2011).
[45] N. R. Cooper and J. Dalibard, Europhys. Lett. 95 (2011).
[46] K. Jiménez-García, L. J. LeBlanc, R. A. Williams, M. C. Beeler,

A. R. Perry, and I. B. Spielman, Phys. Rev. Lett. 108, 225303
(2012).

[47] J. Struck, C. Ölschläger, M. Weinberg, P. Hauke, J. Simonet, A.
Eckardt, M. Lewenstein, K. Sengstock, and P. Windpassinger,
Phys. Rev. Lett. 108, 225304 (2012).

053614-7

https://doi.org/10.1038/nature08917
https://doi.org/10.1038/nature08917
https://doi.org/10.1038/nature08917
https://doi.org/10.1038/nature08917
https://doi.org/10.1103/RevModPhys.89.025003
https://doi.org/10.1103/RevModPhys.89.025003
https://doi.org/10.1103/RevModPhys.89.025003
https://doi.org/10.1103/RevModPhys.89.025003
https://doi.org/10.1103/PhysRevLett.59.2095
https://doi.org/10.1103/PhysRevLett.59.2095
https://doi.org/10.1103/PhysRevLett.59.2095
https://doi.org/10.1103/PhysRevLett.59.2095
https://doi.org/10.1103/PhysRevB.39.11413
https://doi.org/10.1103/PhysRevB.39.11413
https://doi.org/10.1103/PhysRevB.39.11413
https://doi.org/10.1103/PhysRevB.39.11413
https://doi.org/10.1142/S0217979290000139
https://doi.org/10.1142/S0217979290000139
https://doi.org/10.1142/S0217979290000139
https://doi.org/10.1142/S0217979290000139
https://doi.org/10.1103/PhysRevB.89.165125
https://doi.org/10.1103/PhysRevB.89.165125
https://doi.org/10.1103/PhysRevB.89.165125
https://doi.org/10.1103/PhysRevB.89.165125
https://doi.org/10.1038/ncomms6137
https://doi.org/10.1038/ncomms6137
https://doi.org/10.1038/ncomms6137
https://doi.org/10.1038/ncomms6137
https://doi.org/10.1103/PhysRevB.92.094433
https://doi.org/10.1103/PhysRevB.92.094433
https://doi.org/10.1103/PhysRevB.92.094433
https://doi.org/10.1103/PhysRevB.92.094433
https://doi.org/10.1103/PhysRevB.99.035155
https://doi.org/10.1103/PhysRevB.99.035155
https://doi.org/10.1103/PhysRevB.99.035155
https://doi.org/10.1103/PhysRevB.99.035155
https://doi.org/10.1103/PhysRevLett.99.097202
https://doi.org/10.1103/PhysRevLett.99.097202
https://doi.org/10.1103/PhysRevLett.99.097202
https://doi.org/10.1103/PhysRevLett.99.097202
https://doi.org/10.1103/PhysRevLett.50.1395
https://doi.org/10.1103/PhysRevLett.50.1395
https://doi.org/10.1103/PhysRevLett.50.1395
https://doi.org/10.1103/PhysRevLett.50.1395
https://doi.org/10.1103/PhysRevLett.54.237
https://doi.org/10.1103/PhysRevLett.54.237
https://doi.org/10.1103/PhysRevLett.54.237
https://doi.org/10.1103/PhysRevLett.54.237
https://doi.org/10.1103/PhysRevLett.55.2095
https://doi.org/10.1103/PhysRevLett.55.2095
https://doi.org/10.1103/PhysRevLett.55.2095
https://doi.org/10.1103/PhysRevLett.55.2095
https://doi.org/10.1103/PhysRevB.40.7387
https://doi.org/10.1103/PhysRevB.40.7387
https://doi.org/10.1103/PhysRevB.40.7387
https://doi.org/10.1103/PhysRevB.40.7387
https://doi.org/10.1103/PhysRevB.41.9377
https://doi.org/10.1103/PhysRevB.41.9377
https://doi.org/10.1103/PhysRevB.41.9377
https://doi.org/10.1103/PhysRevB.41.9377
https://doi.org/10.1103/PhysRevLett.49.957
https://doi.org/10.1103/PhysRevLett.49.957
https://doi.org/10.1103/PhysRevLett.49.957
https://doi.org/10.1103/PhysRevLett.49.957
https://doi.org/10.1103/RevModPhys.80.1083
https://doi.org/10.1103/RevModPhys.80.1083
https://doi.org/10.1103/RevModPhys.80.1083
https://doi.org/10.1103/RevModPhys.80.1083
https://doi.org/10.1103/RevModPhys.80.885
https://doi.org/10.1103/RevModPhys.80.885
https://doi.org/10.1103/RevModPhys.80.885
https://doi.org/10.1103/RevModPhys.80.885
https://doi.org/10.1126/science.aal3837
https://doi.org/10.1126/science.aal3837
https://doi.org/10.1126/science.aal3837
https://doi.org/10.1126/science.aal3837
https://doi.org/10.1103/PhysRevLett.93.030601
https://doi.org/10.1103/PhysRevLett.93.030601
https://doi.org/10.1103/PhysRevLett.93.030601
https://doi.org/10.1103/PhysRevLett.93.030601
https://doi.org/10.1103/PhysRevLett.108.045305
https://doi.org/10.1103/PhysRevLett.108.045305
https://doi.org/10.1103/PhysRevLett.108.045305
https://doi.org/10.1103/PhysRevLett.108.045305
https://doi.org/10.1038/nature22362
https://doi.org/10.1038/nature22362
https://doi.org/10.1038/nature22362
https://doi.org/10.1038/nature22362
https://doi.org/10.1038/nature08482
https://doi.org/10.1038/nature08482
https://doi.org/10.1038/nature08482
https://doi.org/10.1038/nature08482
https://doi.org/10.1038/nature09378
https://doi.org/10.1038/nature09378
https://doi.org/10.1038/nature09378
https://doi.org/10.1038/nature09378
https://doi.org/10.1126/science.1192368
https://doi.org/10.1126/science.1192368
https://doi.org/10.1126/science.1192368
https://doi.org/10.1126/science.1192368
https://doi.org/10.1126/science.1209284
https://doi.org/10.1126/science.1209284
https://doi.org/10.1126/science.1209284
https://doi.org/10.1126/science.1209284
https://doi.org/10.1038/nature09827
https://doi.org/10.1038/nature09827
https://doi.org/10.1038/nature09827
https://doi.org/10.1038/nature09827
https://doi.org/10.1038/nature15750
https://doi.org/10.1038/nature15750
https://doi.org/10.1038/nature15750
https://doi.org/10.1038/nature15750
https://doi.org/10.1103/PhysRevLett.113.147205
https://doi.org/10.1103/PhysRevLett.113.147205
https://doi.org/10.1103/PhysRevLett.113.147205
https://doi.org/10.1103/PhysRevLett.113.147205
https://doi.org/10.1103/PhysRevA.91.041602
https://doi.org/10.1103/PhysRevA.91.041602
https://doi.org/10.1103/PhysRevA.91.041602
https://doi.org/10.1103/PhysRevA.91.041602
https://doi.org/10.1103/PhysRevLett.114.193001
https://doi.org/10.1103/PhysRevLett.114.193001
https://doi.org/10.1103/PhysRevLett.114.193001
https://doi.org/10.1103/PhysRevLett.114.193001
https://doi.org/10.1103/PhysRevLett.114.213002
https://doi.org/10.1103/PhysRevLett.114.213002
https://doi.org/10.1103/PhysRevLett.114.213002
https://doi.org/10.1103/PhysRevLett.114.213002
https://doi.org/10.1038/nphys3403
https://doi.org/10.1038/nphys3403
https://doi.org/10.1038/nphys3403
https://doi.org/10.1038/nphys3403
https://doi.org/10.1103/PhysRevA.91.063414
https://doi.org/10.1103/PhysRevA.91.063414
https://doi.org/10.1103/PhysRevA.91.063414
https://doi.org/10.1103/PhysRevA.91.063414
https://doi.org/10.1088/1367-2630/18/2/023016
https://doi.org/10.1088/1367-2630/18/2/023016
https://doi.org/10.1088/1367-2630/18/2/023016
https://doi.org/10.1088/1367-2630/18/2/023016
https://doi.org/10.1126/science.aag1430
https://doi.org/10.1126/science.aag1430
https://doi.org/10.1126/science.aag1430
https://doi.org/10.1126/science.aag1430
https://doi.org/10.1126/science.aag1635
https://doi.org/10.1126/science.aag1635
https://doi.org/10.1126/science.aag1635
https://doi.org/10.1126/science.aag1635
https://doi.org/10.1126/science.aag3349
https://doi.org/10.1126/science.aag3349
https://doi.org/10.1126/science.aag3349
https://doi.org/10.1126/science.aag3349
https://doi.org/10.1126/science.aaf8834
https://doi.org/10.1126/science.aaf8834
https://doi.org/10.1126/science.aaf8834
https://doi.org/10.1126/science.aaf8834
https://doi.org/10.1103/PhysRevLett.118.170401
https://doi.org/10.1103/PhysRevLett.118.170401
https://doi.org/10.1103/PhysRevLett.118.170401
https://doi.org/10.1103/PhysRevLett.118.170401
https://doi.org/10.1038/s41567-017-0030-7
https://doi.org/10.1038/s41567-017-0030-7
https://doi.org/10.1038/s41567-017-0030-7
https://doi.org/10.1038/s41567-017-0030-7
https://doi.org/10.1103/PhysRevLett.104.050404
https://doi.org/10.1103/PhysRevLett.104.050404
https://doi.org/10.1103/PhysRevLett.104.050404
https://doi.org/10.1103/PhysRevLett.104.050404
https://doi.org/10.1103/PhysRevLett.107.255301
https://doi.org/10.1103/PhysRevLett.107.255301
https://doi.org/10.1103/PhysRevLett.107.255301
https://doi.org/10.1103/PhysRevLett.107.255301
https://doi.org/10.1103/PhysRevLett.106.175301
https://doi.org/10.1103/PhysRevLett.106.175301
https://doi.org/10.1103/PhysRevLett.106.175301
https://doi.org/10.1103/PhysRevLett.106.175301
https://doi.org/10.1209/0295-5075/95/66004
https://doi.org/10.1209/0295-5075/95/66004
https://doi.org/10.1209/0295-5075/95/66004
https://doi.org/10.1103/PhysRevLett.108.225303
https://doi.org/10.1103/PhysRevLett.108.225303
https://doi.org/10.1103/PhysRevLett.108.225303
https://doi.org/10.1103/PhysRevLett.108.225303
https://doi.org/10.1103/PhysRevLett.108.225304
https://doi.org/10.1103/PhysRevLett.108.225304
https://doi.org/10.1103/PhysRevLett.108.225304
https://doi.org/10.1103/PhysRevLett.108.225304


HUI, CHEN, TEWARI, AND SCAROLA PHYSICAL REVIEW A 100, 053614 (2019)

[48] G. Juzeliunas and I. B. Spielman, New J. Phys. 14, 123022
(2012).

[49] P. Hauke, O. Tieleman, A. Celi, C. Ölschläger, J. Simonet,
J. Struck, M. Weinberg, P. Windpassinger, K. Sengstock, M.
Lewenstein, and A. Eckardt, Phys. Rev. Lett. 109, 145301
(2012).

[50] J. Struck, M. Weinberg, C. Ölschläger, P. Windpassinger, J.
Simonet, K. Sengstock, R. Höppner, P. Hauke, A. Eckardt, M.
Lewenstein, and L. Mathey, Nat. Phys. 9, 738 (2013).

[51] M. Aidelsburger, M. Atala, M. Lohse, J. T. Barreiro, B. Paredes,
and I. Bloch, Phys. Rev. Lett. 111, 185301 (2013).

[52] H. Miyake, G. A. Siviloglou, C. J. Kennedy, W. C. Burton, and
W. Ketterle, Phys. Rev. Lett. 111, 185302 (2013).

[53] N. R. Cooper and J. Dalibard, Phys. Rev. Lett. 110, 185301
(2013).

[54] G. Jotzu, M. Messer, R. Desbuquois, M. Lebrat, T. Uehlinger,
D. Greif, and T. Esslinger, Nature (London) 515, 237 (2014).

[55] D. S. Rokhsar, Phys. Rev. Lett. 65, 1506 (1990).
[56] D. Sen and R. Chitra, Phys. Rev. B 51, 1922 (1995).
[57] V. W. Scarola, K. Park, and S. Das Sarma, Phys. Rev. Lett. 93,

120503 (2004).
[58] O. I. Motrunich and M. P. A. Fisher, Phys. Rev. B 75, 235116

(2007).
[59] D. N. Sheng, O. I. Motrunich, and M. P. A. Fisher, Phys. Rev.

B 79, 205112 (2009).
[60] M. S. Block, D. N. Sheng, O. I. Motrunich, and M. P. A. Fisher,

Phys. Rev. Lett. 106, 157202 (2011).
[61] H. C. Jiang, M. S. Block, R. V. Mishmash, J. R. Garrison, D. N.

Sheng, O. I. Motrunich, and M. P. A. Fisher, Nature (London)
493, 39 (2013).

[62] J. Ruostekoski, Phys. Rev. Lett. 103, 080406 (2009).
[63] D. Jaksch, C. Bruder, J. I. Cirac, C. W. Gardiner, and P. Zoller,

Phys. Rev. Lett. 81, 3108 (1998).
[64] A. H. MacDonald, S. M. Girvin, and D. Yoshioka, Phys. Rev. B

37, 9753 (1988).
[65] T. Fukuhara, Y. Takasu, M. Kumakura, and Y. Takahashi, Phys.

Rev. Lett. 98, 030401 (2007).

[66] B. J. DeSalvo, M. Yan, P. G. Mickelson, Y. N. Martinez
de Escobar, and T. C. Killian, Phys. Rev. Lett. 105, 030402
(2010).

[67] M. K. Tey, S. Stellmer, R. Grimm, and F. Schreck, Phys. Rev.
A 82, 011608(R) (2010).

[68] H. Ozawa, S. Taie, Y. Takasu, and Y. Takahashi, Phys. Rev. Lett.
121, 225303 (2018).

[69] G. W. Stewart, SIAM J. Matrix Anal. Appl. 23, 601
(2002).

[70] J. Jain, Composite Fermions (Cambridge University Press,
Cambridge, UK, 2007).

[71] D. C. McKay and B. DeMarco, Rep. Prog. Phys. 74, 054401
(2011).

[72] P. T. Raum and V. W. Scarola, Phys. Rev. Lett. 118, 115302
(2017).

[73] W. Hofstetter, J. I. Cirac, P. Zoller, E. Demler, and M. D. Lukin,
Phys. Rev. Lett. 89, 220407 (2002).

[74] G. M. Koutentakis, S. I. Mistakidis, and P. Schmelcher, New J.
Phys. 21, 053005 (2019).

[75] D. T. Tran, A. Dauphin, A. G. Grushin, P. Zoller, and N.
Goldman, Sci. Adv. 3, e1701207 (2017).

[76] L. Asteria, D. T. Tran, T. Ozawa, M. Tarnowski, B. S. Rem, N.
Fläschner, K. Sengstock, N. Goldman, and C. Weitenberg, Nat.
Phys. 15, 449 (2019).

[77] S. C. Morampudi, A. M. Turner, F. Pollmann, and F. Wilczek,
Phys. Rev. Lett. 118, 227201 (2017).

[78] M. Weidemüller, A. Hemmerich, A. Görlitz, T. Esslinger, and
T. W. Hänsch, Phys. Rev. Lett. 75, 4583 (1995).

[79] P. T. Ernst, S. Götze, J. S. Krauser, K. Pyka, D. S. Lühmann, D.
Pfannkuche, and K. Sengstock, Nat. Phys. 6, 56 (2010).

[80] R. Mottl, F. Brennecke, K. Baumann, R. Landig, T. Donner, and
T. Esslinger, Science 336, 1570 (2012).

[81] R. A. Hart, P. M. Duarte, T. L. Yang, X. Liu, T. Paiva, E.
Khatami, R. T. Scalettar, N. Trivedi, D. A. Huse, and R. G.
Hulet, Nature (London) 519, 211 (2015).

[82] C. Zhang, V. W. Scarola, S. Tewari, and S. Das Sarma, Proc.
Natl. Acad. Sci. U.S.A. 104, 18415 (2007).

053614-8

https://doi.org/10.1088/1367-2630/14/12/123022
https://doi.org/10.1088/1367-2630/14/12/123022
https://doi.org/10.1088/1367-2630/14/12/123022
https://doi.org/10.1088/1367-2630/14/12/123022
https://doi.org/10.1103/PhysRevLett.109.145301
https://doi.org/10.1103/PhysRevLett.109.145301
https://doi.org/10.1103/PhysRevLett.109.145301
https://doi.org/10.1103/PhysRevLett.109.145301
https://doi.org/10.1038/nphys2750
https://doi.org/10.1038/nphys2750
https://doi.org/10.1038/nphys2750
https://doi.org/10.1038/nphys2750
https://doi.org/10.1103/PhysRevLett.111.185301
https://doi.org/10.1103/PhysRevLett.111.185301
https://doi.org/10.1103/PhysRevLett.111.185301
https://doi.org/10.1103/PhysRevLett.111.185301
https://doi.org/10.1103/PhysRevLett.111.185302
https://doi.org/10.1103/PhysRevLett.111.185302
https://doi.org/10.1103/PhysRevLett.111.185302
https://doi.org/10.1103/PhysRevLett.111.185302
https://doi.org/10.1103/PhysRevLett.110.185301
https://doi.org/10.1103/PhysRevLett.110.185301
https://doi.org/10.1103/PhysRevLett.110.185301
https://doi.org/10.1103/PhysRevLett.110.185301
https://doi.org/10.1038/nature13915
https://doi.org/10.1038/nature13915
https://doi.org/10.1038/nature13915
https://doi.org/10.1038/nature13915
https://doi.org/10.1103/PhysRevLett.65.1506
https://doi.org/10.1103/PhysRevLett.65.1506
https://doi.org/10.1103/PhysRevLett.65.1506
https://doi.org/10.1103/PhysRevLett.65.1506
https://doi.org/10.1103/PhysRevB.51.1922
https://doi.org/10.1103/PhysRevB.51.1922
https://doi.org/10.1103/PhysRevB.51.1922
https://doi.org/10.1103/PhysRevB.51.1922
https://doi.org/10.1103/PhysRevLett.93.120503
https://doi.org/10.1103/PhysRevLett.93.120503
https://doi.org/10.1103/PhysRevLett.93.120503
https://doi.org/10.1103/PhysRevLett.93.120503
https://doi.org/10.1103/PhysRevB.75.235116
https://doi.org/10.1103/PhysRevB.75.235116
https://doi.org/10.1103/PhysRevB.75.235116
https://doi.org/10.1103/PhysRevB.75.235116
https://doi.org/10.1103/PhysRevB.79.205112
https://doi.org/10.1103/PhysRevB.79.205112
https://doi.org/10.1103/PhysRevB.79.205112
https://doi.org/10.1103/PhysRevB.79.205112
https://doi.org/10.1103/PhysRevLett.106.157202
https://doi.org/10.1103/PhysRevLett.106.157202
https://doi.org/10.1103/PhysRevLett.106.157202
https://doi.org/10.1103/PhysRevLett.106.157202
https://doi.org/10.1038/nature11732
https://doi.org/10.1038/nature11732
https://doi.org/10.1038/nature11732
https://doi.org/10.1038/nature11732
https://doi.org/10.1103/PhysRevLett.103.080406
https://doi.org/10.1103/PhysRevLett.103.080406
https://doi.org/10.1103/PhysRevLett.103.080406
https://doi.org/10.1103/PhysRevLett.103.080406
https://doi.org/10.1103/PhysRevLett.81.3108
https://doi.org/10.1103/PhysRevLett.81.3108
https://doi.org/10.1103/PhysRevLett.81.3108
https://doi.org/10.1103/PhysRevLett.81.3108
https://doi.org/10.1103/PhysRevB.37.9753
https://doi.org/10.1103/PhysRevB.37.9753
https://doi.org/10.1103/PhysRevB.37.9753
https://doi.org/10.1103/PhysRevB.37.9753
https://doi.org/10.1103/PhysRevLett.98.030401
https://doi.org/10.1103/PhysRevLett.98.030401
https://doi.org/10.1103/PhysRevLett.98.030401
https://doi.org/10.1103/PhysRevLett.98.030401
https://doi.org/10.1103/PhysRevLett.105.030402
https://doi.org/10.1103/PhysRevLett.105.030402
https://doi.org/10.1103/PhysRevLett.105.030402
https://doi.org/10.1103/PhysRevLett.105.030402
https://doi.org/10.1103/PhysRevA.82.011608
https://doi.org/10.1103/PhysRevA.82.011608
https://doi.org/10.1103/PhysRevA.82.011608
https://doi.org/10.1103/PhysRevA.82.011608
https://doi.org/10.1103/PhysRevLett.121.225303
https://doi.org/10.1103/PhysRevLett.121.225303
https://doi.org/10.1103/PhysRevLett.121.225303
https://doi.org/10.1103/PhysRevLett.121.225303
https://doi.org/10.1137/S0895479800371529
https://doi.org/10.1137/S0895479800371529
https://doi.org/10.1137/S0895479800371529
https://doi.org/10.1137/S0895479800371529
https://doi.org/10.1088/0034-4885/74/5/054401
https://doi.org/10.1088/0034-4885/74/5/054401
https://doi.org/10.1088/0034-4885/74/5/054401
https://doi.org/10.1088/0034-4885/74/5/054401
https://doi.org/10.1103/PhysRevLett.118.115302
https://doi.org/10.1103/PhysRevLett.118.115302
https://doi.org/10.1103/PhysRevLett.118.115302
https://doi.org/10.1103/PhysRevLett.118.115302
https://doi.org/10.1103/PhysRevLett.89.220407
https://doi.org/10.1103/PhysRevLett.89.220407
https://doi.org/10.1103/PhysRevLett.89.220407
https://doi.org/10.1103/PhysRevLett.89.220407
https://doi.org/10.1088/1367-2630/ab14ba
https://doi.org/10.1088/1367-2630/ab14ba
https://doi.org/10.1088/1367-2630/ab14ba
https://doi.org/10.1088/1367-2630/ab14ba
https://doi.org/10.1126/sciadv.1701207
https://doi.org/10.1126/sciadv.1701207
https://doi.org/10.1126/sciadv.1701207
https://doi.org/10.1126/sciadv.1701207
https://doi.org/10.1038/s41567-019-0417-8
https://doi.org/10.1038/s41567-019-0417-8
https://doi.org/10.1038/s41567-019-0417-8
https://doi.org/10.1038/s41567-019-0417-8
https://doi.org/10.1103/PhysRevLett.118.227201
https://doi.org/10.1103/PhysRevLett.118.227201
https://doi.org/10.1103/PhysRevLett.118.227201
https://doi.org/10.1103/PhysRevLett.118.227201
https://doi.org/10.1103/PhysRevLett.75.4583
https://doi.org/10.1103/PhysRevLett.75.4583
https://doi.org/10.1103/PhysRevLett.75.4583
https://doi.org/10.1103/PhysRevLett.75.4583
https://doi.org/10.1038/nphys1476
https://doi.org/10.1038/nphys1476
https://doi.org/10.1038/nphys1476
https://doi.org/10.1038/nphys1476
https://doi.org/10.1126/science.1220314
https://doi.org/10.1126/science.1220314
https://doi.org/10.1126/science.1220314
https://doi.org/10.1126/science.1220314
https://doi.org/10.1038/nature14223
https://doi.org/10.1038/nature14223
https://doi.org/10.1038/nature14223
https://doi.org/10.1038/nature14223
https://doi.org/10.1073/pnas.0709075104
https://doi.org/10.1073/pnas.0709075104
https://doi.org/10.1073/pnas.0709075104
https://doi.org/10.1073/pnas.0709075104

