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Excitation gaps of incompressible composite fermion states: Approach to the Fermi sea
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Activation gaps are determined for fractional quantum Hall states with up to seven filled Landau levels of
composite fermions carrying two vortices, which correspond to electron filling factors of up to 7/15 along the
sequencen5n/(2n11). Systems with as many as 100 composite fermions are studied for this purpose. The
relevance of the results to the issues of composite-fermion mass and the stability of fractional quantum Hall
effect along the sequencen/(2n11) is discussed.
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I. INTRODUCTION

The mass of the composite fermion1–3 ~CF! has been
defined4,5 by interpreting the excitation gap as the effecti
cyclotron energy of composite fermions.6 At the filling fac-
tors n5n/(2pn61), which correspond to n filled
composite-fermion Landau levels~LL’s !, the gap is ex-
pressed as

Dn/(2pn61)[
\eB*

m* c
5

1

~2pn61!

\eB

m* c
, ~1!

whereB is the external magnetic field,B* 5B/(2pn61) is
the effective magnetic field,m* is the composite-fermion
mass, and 2p is the vorticity of the composite fermion. From
dimensional considerations, we also know that the gap
proportional to the Coulomb interaction energy, for whi
convenient units aree2/e l 0, wheree is the dielectric con-
stant of the background semiconductor,l 05A\c/eB is the
magnetic length. This implies that, for a given filling facto
m* depends on the magnetic field asm* ;AB, which is
dictated by the fact that the mass is generated by the in
action. In order for the mass to be filling factor independ
~apart from theAB dependence! for composite fermions of a
given vorticity (2p), the gap must satisfy

Dn/(2pn61)5
Cp

~2pn61!

e2

e l 0
. ~2!

An n-independentCp would imply a filling factor indepen-
dent massm* 5(\2e)/(Cpe2l 0). ~Of course the mass woul
depend on the CF vorticity 2p.! Our aim in this paper will be
to test Eq. ~2!, appearing very naturally within the
composite-fermion framework, for more fractions than h
been done in the past. Given that the composite-ferm
mass is generated entirely from the Coulomb interaction
would not be surprising, and certainly not inconsistent w
any fundamental principle, if it depended in some way on
filling factor. However, if the dependence on the filling fact
turns out to be too severe, the concept of the compos
fermion mass would cease to be useful. Therefore, it is
interest to investigate the filling factor dependence of the
along the sequence of fractions for a given 2p. Another mo-
tivation is to see if a logarithmic divergence predicted in R
4 can be detected. Of course, the gap is also of fundame
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interest in its own right, being directly responsible for th
fractional quantum Hall effect.

In experiments, the composite-fermion mass has b
measured by several methods.5,7–14 For the sequencen
5n/(2n11), all of the methods find the CF mass to b
much larger than the electron band mass in GaAs (0.07me ,
whereme is the electron mass in vacuum!, and roughly com-
parable to me for typical experimental parameters. Th
analysis of the gaps measured from transport data is so
what complicated by the presence of disorder, which appe
to have a significant effect, especially when the gaps
small; nonetheless, a phenomenological treatment
disorder5 in terms of a constant composite-fermion lev
broadening provides a consistent picture in terms of a fill
factor independent mass. The mass deduced from the
perature dependence of the Shubnikov–de Haas oscillati9

shows an enhancement at 7/15, suggesting that it may h
substantial filling factor dependence for largen.

This question also pertains to the issue of the stability
the fractional quantum Hall effect~FQHE! along a sequence
n/(2pn61). In the ideal situation, will FQHE occur for ar
bitrarily large n, or will the sequence terminate at som
point? ~We note here that many FQHE states that can oc
in principle do not occur in reality for the Coulomb interac
tion; for example, at very small fillings or in higher Landa
levels, the FQHE states are unstable for the Coulo
interaction.15,16! While it is not guaranteed by any means th
our calculations will have the necessary accuracy to cap
such an effect, they might reveal trends indicating suc
termination. In Ref. 15, it was found that the gap at 5/11
below the prediction of Eq.~2!; is that an indication of a rea
trend or merely a fluctuation? Experimentally, there exi
evidence17 for at least ten members of the sequencen/(2n
11).

Motivated by these considerations, we have undertake
calculation of the gaps along the sequencen5n/(2n11)
and will report results up ton57/15. The calculation use
wave functions for composite fermions for the ground a
the excited states. The ground state hasn filled levels of
composite fermions and the excited state contains a far s
rated particle-hole pair of composite fermions. The wa
functions have been tested for 1/3, 2/5, and 3/7 against e
diagonalization results, and the gaps predicted from th
wave functions are accurate to within 2–3 %.18,15 No such
independent tests exist for other fractions, but there is
©2002 The American Physical Society20-1
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reason to expect the wave functions to suddenly deterior
in this context, it may be worth mentioning that the accura
of gaps at 1/3, 2/5, and 3/7 from these wave functions
quite comparable. Nonetheless, the results below are on
accurate as the wave functions.

The gaps for filling factors<5/11 were reported in Ref
15 using this method, with an investigation of up to 40 p
ticles. The system sizes were too small for accurate e
mates, especially for 5/11, because the largest wave ve
achieved in the study was still in the range that is affected
the CF particle-hole interaction.19 In the present work, we
use parallel computers to push the Monte Carlo calcula
up to 7/15 using systems with as many as 100 compo
fermions. We get more accurate numbers for the gaps
ported earlier, as well as gaps for new FQHE states.

The gap, anO(1) energy, is obtained as the differen
between theO(N) energies of the ground and excited stat
The calculation becomes increasingly more time consum
as one goes alongn/(2n11) for two reasons. First, a stud
of large systems is required in order to investigate high
order states; for example, 7/15 requires a minimum of
electrons in the spherical geometry. Second, the energie
the ground and excited states need to be determined
greater accuracy both because the energies increase wN
and the energy difference decreases withn. For 100 compos-
ite fermions, the energies at 7/15 must be determined to
accuracy of better than 0.02% in order to get a reason
value for the gap. A single gap value for 100 particles
quires on the order of 108 total Monte Carlo steps, taking
;20 000 CPU hours on a fast workstation. The results
ported below have taken altogether'109 Monte Carlo itera-
tions. We divide all of the Monte Carlo steps into seve
configurations. The error is given by the standard deviat
in energies overL configurations

s5A 1

L~L21! (
i 51

L

(
j 51

L

Š~Ei2^E&!~Ej2^E&!‹, ~3!

where the angular brackets denote an average over M
Carlo steps andEi is the energy of thei th configuration. We
place each configuration on a single node of a Beowolf c
PC cluster. One node consists of a dual 1 GHZ Pentium
processor. To obtain one data point, at a particularN, we use
as many as 30 nodes repeatedly until the standard devia
in energies is sufficiently low to produce the desired ac
racy.

II. CALCULATIONAL METHOD

The wave functions atn5n/(2pn11) are given by1

Cn5PLLLF1
2pF, ~4!

whereF1 is the Slater determinant of single-particle eige
states filling the lowest Landau level,F is an antisymmetric
wave function for free fermions at an effective fillingn, and
PLLL is the lowest Landau-level projection operator.

We work in the spherical geometry in whichN electrons
move on the surface of a sphere under the influence
radial magnetic fieldB created by a magnetic monopole
15532
te;
y
is
as

-
ti-
tor
y

n
te
e-

.
g

r-
9
of

ith

an
le
-

-

l
n

te

s
II

on
-

-

a

the center.20,21 The magnitude of theB field is given by
2Qf0/4pR2 wheref05hc/e is known as the flux quantum
R is the radius of the sphere, andQ is called the monopole
strength which should be either an integer or a half-inte
because of Dirac’s quantization condition.

The interacting electron system at monopole strengthQ
maps into a system of weakly interacting composite fermio
at an effective monopole strengthq5Q2p(N21). In order
to write the wave functions for composite-fermion grou
and excited states atq, we first consider the wave function
for noninteracting electrons atq, denoted byF. F is in
general a linear superposition of Slater-determinant b
states made up of the monopole harmonics,21 Yq,n̄,m , given
by

Yq,n̄,m~V j !5Nqn̄m~21!q1n̄2meiqf juj
q1mv j

q2m

3(
s50

n̄

~21!sS n̄

s
D S 2q1n̄

q1n̄2m2s
D

3~v j* v j !
n̄2s~uj* uj !

s, ~5!

where

Nqn̄m5S ~2q12n̄11!

4p

~q1n̄2m!! ~q1n̄1m!!

n̄! ~2q1n̄!!
D 1/2

.

~6!

n̄50,1,2, . . . , is the LLindex ~to be differentiated fromn,
the number of filled Landau levels!. V j represents the angu
lar coordinatesu j andf j of the j th electron, and

uj[cos~u j /2!exp~2 if j /2!, ~7!

v j[sin~u j /2!exp~ if j /2!. ~8!

The free electron wave functions for the ground and exci
states withn filled LL’s on the sphere are then

Fn
gd5Det@Yq,n̄,m#

Fn
ex5cn̄t11,2(q1n̄t)

1
cn̄t ,(q1n̄t)

Det@Yq,n̄,m# ~9!

wherecn̄,m , (cn̄,m
1 ) annihilates,~creates! and electron in the

n̄th LL. Heren̄t is the LL index of the topmost filled LL.Fn
ex

places one particle in then̄t11 LL, at the north pole of the
sphere, and a hole in then̄t LL, at the south pole.

It was shown in Refs. 15 that the corresponding wa
function of composite fermions atq, which gives the wave
function of interacting electrons atQ5q1p(N21), is ob-
tained fromF by replacingYq,n̄,m by Yq,n̄,m

CF , defined as
0-2
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Yq,n̄,m
CF

~V j !5Nqn̄m~21!q1n̄2m
~2Q11!!

~2Q1n̄11!!
uj

q1mv j
q2m

3(
s50

n̄

~21!sS n̄

s
D S 2q1n̄

q1n̄2m2s
D uj

sv j
n̄2s

3F S ]

]uj
D s S ]

]v j
D n̄2s

Jj
pG , ~10!

where

Jj5)
k

8 ~ujvk2v juk!. ~11!

Here the prime denotes the conditionkÞ j . The ground- and
excited-state CF wave functions are obtained from the co
sponding integral quantum Hall wave functions by the
placementY→YCF.

We evaluate the energies of these wave functions for
Coulomb interaction by Monte Carlo. In order to deal wi
the derivatives we find it convenient to write them as f
lows:

S ]

]uj
D s S ]

]v j
D n̄2s

Jj
p5Jj

p@Ū j
sV̄j

n̄2s1#, ~12!

where

Ū j5Jj
2p ]

]uj
Jj

p5p(
k

8
vk

ujvk2v juk
1

]

]uj
,

V̄j5Jj
2p ]

]v j
Jj

p5p(
k

8
2uk

ujvk2v juk
1

]

]v j
. ~13!

For a givenn̄, the explicit analytical form of the derivative
is used in the evaluation of the wave function.

YCF thus require evaluation of

Pj~s,n̄2s![@Ū j
sV̄j

n̄2s1#, ~14!

where allPj (s,n̄2s) with s50, . . . ,n̄ will be needed for the
nth CF level. The explicit form forPj (s,n̄2s) is given in
the Appendix for up to the 6th CF level.

In this paper, we will be concerned with the sequencen
5n/(2n11), i.e., withp51. The ground state here is give
by n filled levels of composite fermions. A particle-hole pa
of composite fermions is obtained by exciting a compos
fermion from one of the filled CF-LL’s to an empty CF-LL
the lowest energy is obtained when the excitation takes p
from the topmost occupied CF-LL into the lowest unocc
pied CF-LL. The gap measured in transport experiment
the energy required to create a far separated CF particle-
pair. In the spherical geometry, the farthest separation is
tained by putting the particle and the hole at the north a
south poles. With the explicit wave functions, we obtain t
energies of the ground and excited states by Monte Carlo
the Coulomb interaction. The gap so obtained also inclu
the interaction energy of the CF particle and hole. Ev
15532
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though this energy vanishes when the two are far away,
explicitly subtract from our gaps2e2/@(2n11)22R#, the
interaction energy of a particle and hole of chargeue* u
5e/(2n11) at the opposite poles, before we extrapolate
results to the 1/N→0 limit. We have not studied correction
to the mass due to finite thickness, disorder, or Landau-le
mixing here, which are presumably substantial for the sta
with a large number of filled composite-fermion levels. O
goal here is not to compare with experiment, but to ask h
well the concept of mass works in the ideal situation wh
these effects are absent.

III. RESULTS AND DISCUSSION

Figure 1 shows the gaps at 5/11, 6/13, and 7/15 as fu
tion of N21, N being the number of composite fermions. Th
thermodynamic limit obtained from a linearx2 fit is plotted
in Fig. 2 against (2n11)21, also including the gaps for the
other FQHE states, taken from the literature~see Ref. 15 and
references therein!.

We note that for even with 100 particles, there are s
stantial finite-size oscillations for higher-order fractions su
as 7/15, presumably due to the distance dependence o
CF particle-hole interaction, indicating that the distance
tween them is not large compared to their size even for
particles.24 That, combined with the statistical uncertainty
Monte Carlo, makes an accurate estimation of the gap d
cult, leading to fairly large error bars, especially at 7/1
Nonetheless, the gaps remain positive, providing insight i

FIG. 1. Extrapolation of the activation gaps to the thermod
namic limit for n55/11, 6/13, and 7/15.N is the number of com-
posite fermions. The error bars denote the Monte Carlo uncerta
and the solid line is ax2 straight-line fit.
0-3
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the remarkable stability17 of FQHE alongn/(2n11).
The plot of gaps as a function of 1/(2n11), shown in

Fig. 2, is consistent with the straight-line behavior of Eq.~2!.
However, due to the large error bars, it is not possible
definitively rule out other functional dependences, in parti
lar, a logarithmic correction to the straight line. If one fits t
gap with a straight line, the best fit is given by

Dn/(2n61)5F0.333~16!

~2n11!
20.0052~30!G e2

e l 0
, ~15!

which gives an activation mass ofm* '3(\2e/ l 0e2). We
note that the intercept atn51/2 is slightly negative, which
might imply an instability at a largen; however, given the
uncertainty in the functional form of the fitting curve, as we
as large error bars, no definitive conclusions may be dra

In the end, we note that a recent work22 has estimated
gaps for 1/3, 2/5, 3/7, and 4/9 by exact diagonalization
systems with up to 18 particles. The gaps reported there
10–20 % lower than those calculated here and deviate f
Eq. ~2!. Further work will be required to determine wheth
the differences arise from finite-size effects, different e
trapolation, schemes, or imply logarithmic corrections to
wave functionsCn .
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APPENDIX

For the projected wave functions, we need an expl
expression for

FIG. 2. Thermodynamic values of the gaps plotted as a func
of 1/(2n11). The best straight-line fit is given by 0.333(16)(2n
11)2120.0052(30).
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Pj~s,n̄2s![@Ū j
sV̄j

n̄2s1# ~A1!

with

Ū j5Jj
2p ]

]uj
Jj

p5p(
k

8
vk

ujvk2v juk
1

]

]uj
,

V̄j5Jj
2p ]

]v j
Jj

p5p(
k

8
2uk

ujvk2v juk
1

]

]v j
, ~A2!

which we evaluate by the following method.23

We first define

f j~a,b![(
k

8 S vk

ujvk2v juk
D aS 2uk

ujvk2v juk
D b

. ~A3!

Equations~A2! can be rewritten as

Ū j5p f j~1,0!1
]

]uj
, ~A4!

V̄j5p f j~0,1!1
]

]v j
. ~A5!

Also, the derivatives off j (a,b) with respect touj and v j
have the simple form

]

]uj
f j~a,b!52~a1b! f j~a11,b!,

]

]v j
f j~a,b!52~a1b! f j~a,b11!. ~A6!

Explicit expressions forPj (s,n̄2s) in terms of f (a,b)
for various values of arguments are given below for the lo
est six CF-Landau levels.23 ~For yet higher Landau levels
the expressions become too long to reproduce here, but
be evaluated following the same method usi
MATHEMATICA .! Pj (n̄2s,s) can be obtained fromPj (s,n̄
2s) by swapping the arguments of allf j (a,b) on the right-
hand side. Therefore we will list onlyPj (s,n̄2s) with s

>n̄2s. In the following, the subscriptj on the quantitiesP
and f will be left as implicit.

For n̄50,

P~0,0!51.

For n̄51,

P~1,0!5p f~1,0!.

For n̄52,

P~2,0!5p2f ~1,0!22p f~2,0!,

P~1,1!5p2f ~0,1! f ~1,0!2p f~1,1!.

For n̄53,

P~3,0!5p3 f ~1,0!323 p2 f ~1,0! f ~2,0!12 p f~3,0!,

n

0-4
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P~2,1!5p3f ~0,1! f ~1,0!222p2f ~1,0! f ~1,1!

2p2f ~0,1! f ~2,0!12p f~2,1!.

For n̄54,

P~4,0!5p4 f ~1,0!426 p3 f ~1,0!2 f ~2,0!13 p2 f ~2,0!2

18 p2 f ~1,0! f ~3,0!26 p f~4,0!,

P~3,1!5p4f ~0,1! f ~1,0!323p3f ~1,0!2f ~1,1!

23p3f ~0,1! f ~1,0! f ~2,0!13p2f ~1,1! f ~2,0!

16p2f ~1,0! f ~2,1!12p2f ~0,1! f ~3,0!26p f~3,1!,

P~2,2!5p4f ~0,1!2f ~1,0!22p3f ~0,2! f ~1,0!2

24p3f ~0,1! f ~1,0! f ~1,1!12p2f ~1,1!2

14p2f ~1,0! f ~1,2!2p3f ~0,1!2f ~2,0!

1p2f ~0,2! f ~2,0!14p2f ~0,1! f ~2,1!26p f~2,2!.

For n̄55,

P~5,0!5p5f ~1,0!5210p4f ~1,0!3f ~2,0!115p3f ~1,0! f ~2,0!2

120p3f ~1,0!2f ~3,0!220p2f ~2,0! f ~3,0!

230p2f ~1,0! f ~4,0!124 p f~5,0!,
a

t,

CF
cti
ai

Le

a

t,

d

da

s.
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P~4,1!5p5f ~0,1! f ~1,0!424p4f ~1,0!3f ~1,1!

26p4f ~0,1! f ~1,0!2f ~2,0!

112p3f ~1,0! f ~1,1! f ~2,0!13p3f ~0,1! f ~2,0!2

112p3f ~1,0!2f ~2,1!212p2f ~2,0! f ~2,1!

18p3f ~0,1! f ~1,0! f ~3,0!28p2f ~1,1! f ~3,0!

224p2f ~1,0! f ~3,1!26p2f ~0,1! f ~4,0!

124p f~4,1!,

P~3,2!5p5f ~0,1!2f ~1,0!32p4f ~0,2! f ~1,0!3

26p4f ~0,1! f ~1,0!2f ~1,1!16p3f ~1,0! f ~1,1!2

16p3f ~1,0!2f ~1,2!23p4f ~0,1!2f ~1,0! f ~2,0!

13p3f ~0,2! f ~1,0! f ~2,0!16p3f ~0,1! f ~1,1! f ~2,0!

26p2f ~1,2! f ~2,0!112p3f ~0,1! f ~1,0! f ~2,1!

212p2f ~1,1! f ~2,1!218p2f ~1,0! f ~2,2!

12p3f ~0,1!2f ~3,0!22p2f ~0,2! f ~3,0!

212p2f ~0,1! f ~3,1!124p f~3,2!.
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the dispersion is expected to be independent of the wave ve
but, from Ref. 19, we know that even forn52/5 and 3/7 this
does not happen up tokl0'2, wherek is the wave vector. For
7/15, we expect that the effects due to particle-hole interac
will persist up to still largerkl0, because the particle and th
15532
or,

n

hole are more spread out because of the larger effective m
netic length. For 98 particles atn57/15, the wave vector of the
particle-hole pair at maximum separation iskl05Lmax/AQ
'2, which suggests that finite-size effects are not negligi
even for 98 particles at this filling factor.
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