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Measurement-based time evolution for quantum simulation of fermionic systems
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Quantum simulation using time evolution in phase-estimation-based quantum algorithms can yield unbiased
solutions of classically intractable models. However, long runtimes open such algorithms to decoherence. We
show how measurement-based quantum simulation uses effective time evolution via measurement to allow
runtime advantages over conventional circuit-based algorithms that use real-time evolution with quantum gates.
We construct a hybrid algorithm to find energy eigenvalues in fermionic models using only measurements on
graph states. We apply the algorithm to the Kitaev and Hubbard chains. Resource estimates show a runtime
advantage if measurements can be performed faster than gates, and graph states compactification is fully used.
In this letter, we set the stage to allow advances in measurement precision to improve quantum simulation.
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I. INTRODUCTION

Unbiased quantum simulation [1,2] of intractable models
aids in validating approximations. Compelling open problems
include the two-dimensional Hubbard model of the cuprates
and, more generally, materials and quantum chemistry mod-
els [3-17]. Such interacting fermionic models are typically
NP-hard because they suffer from the fermion sign problem
[18] and are generally parameterized as H =}, ; wi_,-ciTc it

+ T t ion i
Zi,j,k,lvijklci c;c ¢, Where ¢ creates a fermion in quan-

tum state j (a composite index for spin, lattice site, etc.),
and w;; (Vi) is the single (two)-particle Hamiltonian matrix
element. Since they are NP-hard, classical simulation time
increases exponentially with particle number. Unbiased quan-
tum simulation of models captured by H will therefore offer
high-impact benchmarks. Variational quantum algorithms of-
fer promise on near-term devices [19] because they can be
used to rigorously bound ground state energies.

Recent work [20] combines a variational quantum algo-
rithm with measurement-based quantum computing (MBQC)
[21,22] for efficient management of variational ansatz states.
MBQC starts with a resource state, e.g., a graph state such
as the square lattice cluster state (SLCS), formed by taking
qubits aligned along the Pauli-x direction and then entan-
gling them pairwise with controlled-Z gates. All quantum
algorithms can then be executed using just single-qubit mea-
surements on the resource state. MBQC-based variational
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algorithms [20] can therefore use measurements to bound
ground state energies.

Phase-estimation-based quantum simulation algorithms
[4,23-27] can go beyond variational bounds to yield exact
eigenfunctions and eigenvalues of H for use in benchmarking
excited state properties. In circuit-based quantum computing
(CBQO), such algorithms take an input wave function |yr)
and repeatedly apply quantum gates to time-evolve H with M
small time steps ¢, to eventually extract information. Quan-
tum algorithms based on this procedure yield an advantage
over classical algorithms but for runtimes that increase expo-
nentially with the required bit precision in, e.g., eigenvalues.
Long runtimes can be prohibitive [11,12,28] if, for N, gates
per time step, the qubits cannot be kept coherent for long
execution times Tc ~ MN,dt,.

We propose revisiting phase-estimation-based quantum
simulation runtime from the MBQC perspective. We con-
sider the following regime: (i) A large number of qubits are
available, (ii) the time taken for an accurate single-qubit mea-
surement 6¢,, can be made small enough to avoid decoherence
of the resource state, and (iii) the entangling gates are per-
formed in parallel mostly at the beginning. Assumption (iii)
allows slow/error-prone entangling gates to be implemented
and error corrected in a time that is negligible compared with
the time to execute all measurements.

In this letter, we explicitly map real-time evolution in
CBQC (repeated application of gates that take a finite amount
of time) to repeated measurement in MBQC [22]. To this
end, we make the following advances: (i) We construct
a route to use MBQC to effectively time-evolve H using
just single-qubit measurements. We show that long effec-
tive time evolution corresponds to M sequential measurement
rounds in MBQC, thus requiring coherence among non-
measured qubits for a total time Ty ~ MN,,ét,,, where N,
is the number of measurements per round. (ii) We con-
struct an example hybrid MBQC algorithm with a quantum
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FIG. 1. (a) Schematic for the hybrid quantum eigenvalue
estimation algorithm. (b) Measurement-based quantum comput-
ing (MBQC)/circuit-based quantum computing (CBQC)-favorable
regimes determined by the hardware-dependent parameter t,/8t,,.
The point N, /N, is obtained by setting the MBQC and CBQC
runtimes to be the same Ty; = Tc. (c) Measurement-based effective
time evolution used for a two-site Jordan-Wigner string where in-
formation flows from left to right. Each box/circle hosts a single
qubit entangled along red-dotted lines. Open (filled) circles are input
(output) qubits. Open squares are Pauli-x measurements that can be
performed in parallel, and the dotted box around the central star
indicates an adaptive measurement with an angle dictating the time
step. The left panel uses the square lattice cluster state (SLCS); the
right panel is one of many equivalent graph states that can be used
instead, see Supplemental Material [30].

phase-estimation-based subroutine that yields exact eigenen-
ergies: quantum eigenvalue estimation using an offline
(classical) time series [6,29]; see Fig. 1(a). (iii) We apply
the algorithm to solve the Kitaev [31,32] and Hubbard [33]
chains because they can be solved exactly and can therefore
be accurately checked as first implementations. To compare
Ty and T¢ for our algorithm, we compute scaling of MBQC
measurement time and precision costs as well as gate counts
in an equivalent CBQC algorithm.

Our central finding is that MBQC can yield a runtime
advantage over CBQC, i.e., Ty < T¢, by shifting the burden of
requiring low &z, but high-fidelity gates in CBQC simulation
to the requirement of low &t,, and high single-qubit measure-
ment precision in MBQC simulation. Figure 1(b) summarizes
our finding by showing that, if §t,/8t,, is large, MBQC will
have shorter runtimes. Here, N,,/N, is set by the algorithm.
We find that graph state compactification [34] can yield hybrid
MBQC algorithms with N,,/N, = 1. In this letter, therefore,
we establish a route to use improvements in quantum sensing
[35] to advance the state of the art in quantum simulation with
effective time evolution.

II. MEASUREMENT-BASED TIME EVOLUTION

Time evolution of Hamiltonians containing noncommuting
terms H; and H, requires a decomposition. The first-

order Trotter-Suzuki decomposition is simplest [36,37]:
exp[—i(H) + Ha)t] = [exp(—iH,t /M) exp(—iHat /M) +
O[(t/M)?*]. Here, the time step ¢ /M is repeated M times until
the output state is converged within a tolerance &t [38], and
h=1.
To map between fermions and qubits in H, we
i

use the Jordan-Wigner (JW) transformation [39]: ¢ ;=

]_[i;i[—az(k)][a)f]) + io}f")]/2, where o, with a € {x,y, z} are
the Pauli matrices. Long JW strings containing N qubits
can arise in certain models, e.g., those with long-range
hopping/interaction in H. Longer-range terms allow simula-
tion of higher-dimensional fermionic models H because they
map to one-dimensional chains with long-range hopping and
long-range interaction. Time evolution of a string requires

the ability to execute nontrivial unitaries: R{:>)(9) =

exp[—i(8/2) ]_[]jy=1 (ra({)], where 6 is a rotation angle.

The JW transformation enables construction of a time-to-
angle mapping for MBQC simulation. Figure 1(c) shows an
example measurement pattern needed for time evolution of a
hop between neighboring sites ¢jc, + cgcl. In the absence
of the central measurement (star), the measurement pattern
swaps information on qubits 1 and 2 [22,30]. However, the
additional adaptive measurement in the second round of mea-
surements with ¢, on the central qubit (star) incorporates
results from the first round to yield [22] R{}-?(9)|v), where 6
defines the part not relying on random measurement outcomes
in @1 ». This operation is a time propagator, and one can show,
see Supplemental Material [30], that, with a few more mea-
surements, this measurement pattern effectively time-evolves
a hop between sites 1 and 2.

Figure 1(c) generalizes to time evolution of longer-range
terms in H on a larger SLCS using only O(1) adaptive mea-
surements. Consider, e.g., a long-range hop between sites 1
and N: chch + c;f\,cl. To implement effective time evolution
of the JW term, we must execute the unitary Rg;,z,g'N ()
(and follow up with a few rotations on the end qubits). This
can be implemented with two rounds of measurements on
[@N — 1)) = (N - 1)] qubits on the central area of the mea-
surement pattern (excluding input and output qubits). The
first round measures all but a central qubit, and the second
round measures just the central qubit in an adaptive basis,
see Supplemental Material [30], thus showing a considerable
simplification in implementing long JW strings.

The number of measurements and qubits needed for effec-
tive time evolution on a SLCS, e.g., the left side of Fig. 1(c),
can be significantly reduced. The Gottesman-Knill theorem
[40] shows that all qubits with Pauli-x measurements can be
excluded since Clifford operations can be efficiently executed
classically. After mathematically removing local Pauli mea-
surements, the SLCS maps to a compactified cluster state
(CCS) [34]. The mappings show that a much smaller graph
state is needed. For example, the right side of Fig. 1(c)
shows an equivalent execution of Rg;*z)(G) (see Supplemen-
tal Material [30] for a proof), where the number of qubits
(measurements) reduces from 12(10) to 5(3). In general,
a CCS offers a reduction in measurement and qubit over-
head for executing effective time evolution using R§12N )(©)
by as much as O(N?), depending on which CCS is cho-
sen. We construct example time-evolution subroutines on
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FIG. 2. (a) Subroutine for implementing exp(—iHxt)|yy) for four sites using only measurements on a square lattice cluster state (SLCS),
as in Fig. 1(c). Adaptive measurements are carried out with the angles defined in Eq. (4). The indices j, k € {1, 2, 3, 4} are assigned along the
direction of information flow (red arrows). Measurement angles denoted by stars execute effective time evolution, while other shapes denote
measurements to perform rotations at the ends of the Jordan-Wigner (JW) strings. All qubits but inputs with Pauli-x measurements (open
boxes) can be removed in compactified cluster states (CCSs). (b) The same but for a two-site Hubbard chain with angles defined by Eq. (7)

and j, k, 1 € {1, 2,3, 4}.

SLCSs with the understanding that use of a CCS reduces
the number of required qubits and measurements at the ex-
pense of modifying qubit connectivities which is efficiently
programmable [41].

III. KITAEV CHAIN

We construct an MBQC subroutine for time evolution of an
example model with noncommuting terms, the Kitaev chain
[31,32]:

N-1 N
Hx = w Z(_C;CH‘ +c;c;i+He)—u 25”# Q)
j=1 =

where w > 0 is the hopping and pairing energy, p > 0 is
the chemical potential, and dn; = cj.c - % The ground state
exhibits a quantum phase transition at © = 2w between a non-
topological strong-coupling phase (u > 2w) and a topological
weak-coupling phase (1 < 2w).

We map fermions to qubits to construct both circuit- and
measurement-based time propagators. The JW transformation
maps Hg to the quantum Ising model. The first-order Trotter-

ized form of exp(—iHkt) is

M
[TRGAD(—20m)RP (~28,.8) | )
J.k
where g, = u/(2w), and
wt
oy = ﬁ 3)

is a measurement angle. Equation (2) can be implemented
in two different ways: using real-time evolution in CBQC
or effective time evolution in MBQC, where M dictates the

circuit or measurement depth, respectively. Equation (3) is
central because it maps real time ¢ to measurement angle.

We use the stabilizer formalism to map Eq. (2) to effective
time evolution in MBQC. Figure 2(a) shows the measurement
pattern implementing Eq. (2) to time-evolve input qubits 1-4
(open circles) with just single-qubit measurements. The mea-
surement angles in the x-y plane are

Gjk =2P5, du, ;= —P5 (28.bm +7),

¥ =Py, @)

where ' € {£o,£8,y}forr =£1,+£2,3, —a ==y =
7/2, and Py = (—1)%. Here, SK accumulates all measure-
ment outcomes during single-qubit measurements and is
derived in the Supplemental Material [30]. The measurement
outcomes are also used for offline processing with a byproduct
operator, see Supplemental Material [30], that defines the
basis for interpreting output measurements.

The left, middle, and right panels depict measurements
[stars in Fig. 2(a)] that entangle input qubits 1-2, 2-3, and 3-4,
respectively. The measurement pattern in Fig. 2(a) and Eq. (4)
define the full effective time-evolution algorithm for a Kitaev
chain of any N or M because additional panels in Fig. 2(a) can
be concatenated, see Supplemental Material [30]. The red dots
and arrows show information flow for use in concatenation.

IV. HUBBARD CHAIN

We now turn to the Hubbard chain [33] with a longer JW
string and an important interaction term:

N—1 N
Hy = —w Z (c;,gcﬁ_w +Hc)+U Z”j,T”j,l’ o
j=lo =l
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where o € {?, |}, U is the Hubbard interaction strength,
and nj, =c; ,c; .. To map fermions to qubits, we introduce
[42] spinless fermion operators: &j_; = c¢jy and &; = ¢j .
The JW mapping then leads to an equivalent qubit Hamil-
tonian: (w/2) X220 6 VoD 4 6ol D) 4
U/H YN ojo1 + 0¥ VN[l + 0/*)), where the JW
strings used for the hopping terms need a three-qubit en-
tangling gate, and I = diag(1, 1). The first-order Trotterized
form of exp(—iHyt) is

[ l_[ RE12D (g, pp )RV (guan )R (guydbr)
ik

XZX yzy

M
X R(k,k+l,k+2)(¢M)R(k,k+l,k+2)(¢M):| , (6)

where gy = U/Qw).

Equation (6) can be used in CBQC or mapped to single-
qubit measurements in MBQC. Figure 2(b) depicts the N = 2
measurement pattern for Eq. (6) with measurement angles:

. _
biws = —Psz v, bj = —F5, 8uPm,

£y
=)

X = £Pp O+ ), @)

Ui =Py, & =xP [gu¢M +

where " € {£o, £8, £y,xA} for r==+1,£2, £3, £4,
A=a, and Py = (—1)53. Here, Sgl is derived in the Sup-
plemental Material [30]. The Hubbard chain measurement
pattern can also be concatenated to time-evolve larger N or
M, see Supplemental Material [30], and overhead can be
significantly reduced in a CCS.

Both examples, Eq. (4) for Hk and Eq. (7) for Hy, demon-
strate constraints on effective time evolution. Long effective
time evolution from a larger number of Trotter steps in MBQC
corresponds to smaller measurement angles since ¢y, o< 1/M.
Repeated small-angle measurements (long effective time evo-
lution) in MBQC therefore require improvements in qubit
measurement precision as opposed to faster gates in CBQC.

V. EIGENVALUE ESTIMATION

To demonstrate resource requirements, we construct a
minimal hybrid quantum eigenvalue estimation algorithm by
combining MBQC subroutines with an offline time-series
estimator [Fig. 1(a)]. A |yg) close to a desired eigenstate
is fed into the MBQC time-evolving subroutine yielding
(e~ |4y} if the output qubits are measured using quantum
state tomography (or an ancilla qubit [6]) to find the wave
function phase relative to the input qubit basis. The MBQC
output is obtained L times and used in a classical discrete
Fourier transform:

L1

St
Alwn)=—Y Re{expl(iwn — n)ixl(y1] exp(—iH,)[Yn)},
T n=0
®)
where we define ¢, = nét, w,, = méw (n,m =0,1,--- | L —

1) in units of §t and dw satisfying dwét = 27 /L. Peaks in

;] L
—_~ 1 El-
3 ¢ lp———————
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FIG. 3. Main: Simulation using Eq. (8), where peaks reveal the
exact eigenenergies of the four-site Kitaev chain with g, = 0.4,
n/w = 0.02, and §w/w = 0.01. Trotter error is 6t = 1072 for M <
8500, and L = 1272 is chosen for clarity. |y;) is chosen to be the
ground state at g, = 0. The blue line indicates the error-free case,
and the green and red lines plot the impact of random perturbations
[45-56% (green); 70-82% (red)] in the measurement angles ¢ ; and
1&13 Inset: Eigenenergies of Eq. (1), where the energies touching the
dashed line match the peak positions in the main panel.

A(w) yield eigenvalues of H to within §t. We introduce the
broadening parameter n > O for visualization of Lorentzian
peaks and as a proxy for experimentally limited resolution.

The main panel in Fig. 3 shows a demonstration result
from a simulation using Hx in Eq. (8), where several eigen-
values are returned as peaks. One can show, see Supplemental
Material [30], that peak centers are intact while peak weights
are shifted for certain types of measurement errors. Figure 3
uses large L and M for clarity, but in practice, L and M
can be lowered. They are minimized by restricting the search
to just the ground state energy, while three independent al-
gorithm input parameters dw, L, and M must be chosen to
meet three tolerances: (i) dw should be smaller than 5 to
resolve peak structure, (ii) a sum rule tolerance ég > |1 —
Sw Z,Ln;}) A(w,,)| sets L, and (iii) M is set by requiring &t to
be much smaller than the first spectral gap.

VI. MEASUREMENT PRECISION

The number of Trotter steps yields the measurement depth
and sets ¢y. Large M improves Trotter accuracy at the ex-
pense of requiring improved measurement precision (small
¢u). To estimate the minimum M needed to obtain ground
state energies, we consider Hx with g, = 0.01-0.4. We find
empirically, see Supplemental Material [30], that, for each n
in Eq. (8), the minimum M varies from 1.8 x 10° (g, = 0.01)
to 7.8 x 10* (g, = 0.4) to resolve the ground state energy
of Hy to within 1% of the spectral gap (8t = 1072) for n =
0.02w, dw = 0.01w, L =46, and N = 4. We have checked
N < 8 with other 5, §w, and L combinations and obtained
similar results for M. In general, the M needed will depend
on the model, model parameters, tolerances, and scales as
(’)[(Nt,,)Z(ST’ 11 [43], thus implying that the required measure-
ment depth and precision to execute effective MBQC time
evolution can become demanding [44].

Given bounds on M, we can estimate measurement preci-
sion requirements for Hgk. Here, ¢y, depends on n. The largest
measurement angle (in units of 27) needed to implement
Eq. (8) with Eq. (4) is xr—1, where x, = nw/(wLM). We
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TABLE I. Resources for a single time step in Eq. (8) computed
by counting and concatenation, see Supplemental Material [30], in
three scenarios(rows): (i) MBQC on an SLCS including all Pauli-x
and adaptive measurements, (ii) MBQC on a CCS with the least
number of measurements, and (iii) CBQC. In (i) and (ii), measure-
ments on input/output qubits are not counted. (ii) and (iii) show the
same scaling (N,,/N, = 1) for two different experimental processes,
measurements and two-qubit gates.

Approach Hy Hy

SLCS measurements, N,, (17N — 10)M (156N — 144)M
CCS measurements, N,, (IN — )M (34N — 32)M
Circuit-based gates, N, (IN — )M (34N — 32)M

empirically find, see Supplemental Material [30] (far from the
critical point at g, = 1), x, < 0.14, thus allowing the use of
Eq. (3). The smallest measurement angle increment needed
in Eq. (4) is gy x»- We find g, x, 2 4.8 X 10~ for all gu <1

and n. We therefore see that a large M requires small angle
measurements as we implement effective time evolution.

VII. MEASUREMENT AND QUBIT OVERHEAD

The measurement subroutines defined by Egs. (4) and
(7) allow estimates of resource requirements in our hybrid
quantum eigenvalue estimation algorithm. Table I shows, see
Supplemental Material [30], that, for the local models con-
sidered here, a CCS will have N,,/N, = 1. However, with
nonlocal qubit terms, e.g., for nonlocal hopping in H, MBQC
with a CCS will have an O(N) advantage in measurement
vs gate counts in CBQC unless nonlocal gates are used to
implement the JW strings [45]. The number of qubits needed
is O(M) larger for MBQC than for CBQC. MBQC qubit

overhead can be lowered by re-entangling measured qubits
[21].

VIII. DISCUSSION

Our demonstration algorithms show that unbiased quantum
simulation using effective time evolution is possible using
only single-qubit measurements on graph states. We find that
long MBQC effective time evolution for use in quantum
simulation requires high measurement precision to be useful
in benchmarking approximate classical algorithms. Alterna-
tive time-evolution decompositions [16,46—49] will lower
overhead.

MBQC offers advantages in systems with slow/error-prone
entangling gates [50], e.g., photonics [51,52] and atoms in
optical lattices [21]. In the latter case, parallelized collisional
gates encoded large SLCSs in long-lived atomic hyperfine
states [53]. Recent progress in single-site measurements [54]
and control [55] allow optical lattice implementation of
MBQC effective time-evolution algorithms.

The above algorithms have a low error threshold [56,57].
An improvement with higher thresholds is available [58,59].
The above algorithms can also be used in conjunction with
an adaptive Bayesian algorithm (instead of a time series) in
eigenvalue estimation learning certain types of error [60,61].

Finally, applications to higher-dimensional fermionic mod-
els are highly desired. Nearest neighbor hoppings/interactions
in a higher-dimensional fermionic lattice can be mapped to
long-range hoppings/interactions in a chain [6]. After map-
ping, our hybrid MBQC algorithm can be applied to the chain
at the expense of increasing the length of JW strings.
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I. MEASUREMENT PATTERN FOR EFFECTIVE TIME EVOLUTION OF JORDAN-WIGNER STRING

In this section, we prove that, as stated in the main text, the measurement pattern in the left side of Figure 1(b) effectively
time-evolves a Pauli-z string between sites 1 and 2. Pauli-z strings are needed for Jordan-Wigner (JW) strings. We also prove
that Figure 1(b) generalizes to time evolution of longer-range strings on a larger square lattice cluster (SLCS) state using only
O(1) adaptive measurements.

We start with the definition of a SLCS. Consider a connected subset of a square lattice Lo with vertices V(£2) and edges
E(L3). The SLCS is defined by [1]:

Gsues) =[] usY IT e (SD)

(4,k)€E(L2) leV(L2)

where |£), ; = (|0); & |1);)/+/2 are the Pauli-z eigenstates, entangled by the controlled-Z gate ng’k). The SLCS satisfies the
eigenvalue equation K;|Gsrcs) = |Gsrcs) with the stabilizer given by

K =X; [ 2. (S2)
keEN;

Here the Pauli matrices are abbreviated by (X, Y, Z) = (0,,0y,0.), and N; indicates the nearest neighbors of site j.

An SLCS can serve as a platform to implement unitary gates equivalent to circuit-based quantum computing (CBQC) gates.
The SLCS is composed of three sections: an input, a body, and an output. The number of input qubits is the same as the number
of qubits defining the qubit Hamiltonian. The number of output qubits is the same as the number of input qubits. A central
idea in measurement-based quantum computing (MBQC) is that a sequence of single-qubit measurements on the input and body
sections trigger information flow from the input to the output [2]. The measurement pattern in the body determines which gate
operation is encoded. Qubits in the input and body sections may be measured in an adaptive/non-adaptive basis in the x-y plane.

Here the measurement basis is written by B;(¢;) = {|¢;J )s,; =0, W;j )s,=1}, where we define the single-qubit wavefunction
|¢;j )s; = [l0); + (—=1)%€'i|1);]/v/2 with the measurement angle ¢; (along with the vector #; = & cos ¢; + § sin ;) and the
random measurement outcomes s; € {0, 1}.

After measurements we must define the measurement basis using a byproduct operator that returns equivalent CBQC gates.

We consider the projected SLCS: |Gpro5) = []; Ps(f ) (¢;)|Gsrcs), where j spans all sites in the input and body sections, and
the projector is defined by P (6;) = [I; + (=1)%#; - X;]/2. Here, I = diag(1,1), and X = X& + Y§ + Z2. In Ref. [3], it
was shown that |G,0) is governed by a set of eigenvalue equations:
X;j @ (UgXrU)|Gpro) = (=1)*|Gproy), (83)
7 ® (UgZkU)|Gprog) = (1) |Gpro), (s4)
where j (k) is an index for the input (output) qubits, spanning from 1 to V. Once we find Uy, Ay ;, Ay ; in Egs. (S3) and (S4),

the output wavefunction has the connection to the input: [1)o) = U,Us|¢1) up to the U (1) phase factor. The byproduct operator
is defined by

N
Us =[] 27 x), (S5)

Jj=1
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which adjusts the output qubit basis. U, and Us can be switched using Pauli propagation relations, e.g., XZ = —ZX and
Y Z = —ZY . Then, the output wavefunction can be refined by |1)(;) = Us|tbo) = Uy|r) to retain the right basis. If we match
U, as in CBQC, we can derive the connection between the measurement angles and the model parameters.

We now apply the above formalism to the construction of JW strings. As mentioned in the main text, time evolution of an
N-site JW string requires the ability to execute /V-qubit rotation gates:

N
1,2.-N .0 ,
Rylay ik (6) = exp ( —i5 [1 aéﬁ}) (86)
j=1
where 6 is a rotation angle and a; € {z,y, z}. It turns out that Eq. (S6) has the decomposition:

N N
j 2N 2
( 11 U,%B*) REZN(0) ( I1 U&B) , (S7)
j=1 k=1
where Ur(gt) = RY ('Yj)jo) ( ﬁj)R(zj ) (cj) executes the Euler rotation of a qubit at site j to adjust the qubit basis. In the following
two subsections, we use the stabilizer formalism to derive the mathematical details of the measurement patterns for RQZ’Q)(G)
and RSZZZ 3) (9) which play a central role in MBQC simulation of the Kitaev and Hubbard chains (A proof for N = 2 is outlined
in Ref. [3], but we include this case here for consistency).

The full JW string takes RLZY (0) and then applies single-qubit rotations to the end qubits (1 and N). These rotations
can also be implemented with measurements. To implement single-qubit rotation gates with Euler angles («, 3, ), we use [3]:
Uy = Usot, Us, = Z517%3 X 52754 with the measurement angles given by

Bl = —(-1)%a, P = —(-1)28, @ = —(~1) sy, (S8)

where the index 7 in /7 and s 5 is defined along the 5-qubit cluster chain with the input (output) qubit at j = 1(5). In the following
two sections, we construct the measurement patterns needed to implement Rgf) (0) and Rglzf 3) (#) with the understanding that

we must follow up with single-qubit rotations to the end qubits as shown in Sec. III.

A. Two-site (N = 2) Jordan-Wigner string

In this section, we prove that the measurement pattern in the left side of Figure 1(b) effectively time-evolves a Pauli-z string
between sites 1 and 2 that is needed in a JW string. We build a SLCS with 12 qubits [see Figure S1(a)], defined by the composite
stabilizers:

KanmyKeKsnKisn, Keonks)Kun, K32KunKas),

where n = 1 if n = 3 and vice versa. Carrying out the first round of Pauli-x measurements on qubits at site (2,1), (3,1), (4,1),
(3,2), (2,3), (3,3), (4,3), we find that the first-round projected SLCS |Gy0;) satisfies:

Z(2.2)Z(5.1)%(5.3)| Gproj) = (—1)° 02T TD |G, (S9)
X1,n)X(2,2)X(5,n)|Gproj) = (—=1)°@™ |Gproj), (S10)
Z1,n)Z(5,m)|Gproj) = (=1)°@mFo@aT20D|Gy)). (S11)
@ 3 2 3 4 3 ® 1 2 3 4 5 & 7
1 DDD@ 14 DDD @ @ jhinput € j®output
2 ﬂr_"' 2 DD |‘_"| D |:| M, Fro Pros
3 DDD ...... o 3 D ...... 0 DDD ...... o [] 2-qubitinteraction
4 DD |-_'-| |-_'-|
P 0 O O O O P

FIG. S1. Coordinate systems for assigning qubits in the measurement patterns for (a) 2-qubit rotation gate, (b) 3-qubit rotation gate.



Combining Egs. (S9) and (S10) leads to:
X(l,n)RgQ’Q)(¢31,2)X(2,2)R£2’2)(—451,2)R,(z(z5’1)’(5’3))(_P&‘ELZ)X(ML)R;(z(z5’1)’(5’3))(P<£¢§172)‘Gpr0j> = Q&|GPYOJ>7 (S12)

for arbitrary angle ¢, o. Here we define Pj = (=1)*e2tsan®s@s and Q5 = (—1)*@m. It turns out that Eq. (S11) can be
recast to become a counterpart of Eq. (S12). Carrying out the second round of measurement on qubit at site (2,2) in the basis
B(2,2)(¢1,2), we find that the second-round projected SLCS |G, ;) satisfies:

proj
X,n 5,1),(5,3 b X(5,a 5,1),(5,3 b _ (—1)s@ 5@
{ Z((l,n)) }Rg(z ) ( ))(_P($¢1,2) Z((s,ﬁ)) Rg(z ) ))(P$¢1,2)|G;)roj> - (_1)8(2771)"1‘8(312)-"-8(4’;1) |G;)roj>' (513)
Finally, comparison of Eq. (S13) with Egs. (S3) and (S4) lets us conclude that U; = Rglz’Q)(—Pq;ém)Us(vlvfg with Us%fg
swapping two qubits at site 1 and 2, and

S +s +s s +s —+S(4.: S +s +s s +s +s
UE — Zl(l’l) (2,2) (3’3>X1(2’1) (3,2)T5(4,3) 22(113) (2,2) <3’1)X2(2’3) (3,2) (4a1)7 (814)

where 71 = Z(5’1), X, = X(571), oy = Z(5)3), Xy = X(573). Switching U, and Uy, and comparing U, with Eq. (S6) (N = 2)

up to Us(vlvfg, we find the measurement angle:

P12 = —(=1)*enTsEaTeg, (S15)
We have therefore shown by construction that the measurement pattern in the left side of Figure 1(b) leads to R,glz’z)(H). To
implement effective time evolution of a hop between sites 1 and 2, we then add Euler rotations via measurements to the end
qubits in Figure 1(b) to realize a JW string [See Sec. III and Figure 2(a) in the main text].

B. Three-site (N = 3) Jordan-Wigner string

We now show that the above procedure can be generalized to a larger number of qubits by constructing a three-qubit Pauli-z
(1,2,3)

rotation, Ry.;"" (). We build a SLCS with 29 qubits [see Figure S1(b)], defined by the composite stabilizers:
KinKomK3 3Ky mKs nKra, KonK3mKasKsmKen, Ki3KooKo4K31K33K35K42K44Ks53K73,
Ko 3K39K3 4Ky 1Ky 3K45K52K54K¢3, Ky3Ks50K54K61K63Ke5,
where (n,m) = (1,2) if (2, m) = (5,4) and vice versa. Carrying out the first round of Pauli-x measurements on qubits at all
sites but (3,3) in the body section, we find that the first-round projected SLCS |Gy,..;) satisfies:

Z(3,3)Z(1,1)Z(1,3) Z(7,5)|Gproj) = (=1)7 @0 TG G0 HG00F00 205 | Gly), (S16)
X1 X33 X7m)|Gproj) = (1)°@mTam®sem |G 0, (S17)
X(l 3))(((3 3))((7 3) ‘Gproi> — (_1)5(2,2)+S(2,4)+S(3,1)+5(3,5)+S(4,2)+5(4,4)+$(5,3) ‘Gpr0i>; (S18)

Z(Ln)Z(?,ﬂ) ‘Gproj> _ (71)5(2‘71,)+S(3,‘m,)+S(4,3)+5(5‘m)+5(6,ﬁ) ‘Gproj>7 (S19)
Z(1 3)2(7 3) ‘Gpr0i> — (_1)8(2,3)+S(3,2)+S(3,4)+S(4,1)+S(4,3)+5(4,5)+S(5,2)+5(5,4)+5(6,3) ‘Gpr0j>- (S20)

Then it can be shown that combination of Eqgs. (S16) and (S17) leads to

X(Ln)RgS’g)(&1,2,3))((3,3)3&3’3)(—&1,2,3)RE(ZQD’U’@’W’E’))(—Pq§<231,2,3)X(7,ﬁ)R/(zgl)’w’g)’(zm)(P¢§¢§1,2,3)|Gproj> = Q5|Gproj);
(821)

for arbitrary angle ¢ » 3. Here we define P; = (—1)*@3)Fs62aFseats6n 564565 and Qs = (—1)semtsamtsen It
turns out that Eq. (S19) can be recast to become a counterpart of Eq. (S21). By replacement Xy ,,) — X(1.3), X(7,2) = X(7,3)>
and Q3 — (—1)*G»FsenT5E 06T 5604565, we can also find a similar equation to Eq. (S21), that is a counterpart
to Eq. (S20). Carrying out the second round of measurement on qubit at site (3,3) in the basis B(3 3)(¢1,2,3), we find that the

second-round projected SLCS |G7,,,;) satisfies:
)Zf(m) )Z((m,)
Xy (D OVINCP0120) ¢ Y ¢ BT (P12 G
Z(13) Z(19)

(,1)8(2,m)+8(3,3)+S(4,m)+5(5,ﬁ)
(—1)semtsemtsantsemtsen ,
= (—1)S<2,2>+3<2,4>+5<3,1>+S<3,3>+S<3,5>+S<4.,2>+S<4,4>+S<5,3> |Gproj>' (S22)

(—1)*En @2 T8E0 T8 @) T8 T840 F8(,2)T86,4)T5(6,3)



4
Fi . . N eR 7 (1,2,3) . (1,2,3)
inally, comparison of Eq. (S22) with Egs. (S3) and (S4) lets us conclude that U, = R:2:"" (—Pj¢1,2,3)Uswap  With Uswap
swapping two qubits at site 1 and 3 (2: idle), and

S(1,1)+s +5(3,3)+s +5(5,: s +8(3,2)+8(4,3)+8(5,4)+S(6,5
UZ:Zl(“) (2,2)15(3,3)5(4,4) <o,5>X1<2,1> (3,2)15(4,3)15(5,4)+5(6,5)
% ZS(LS)+5(2.,2>+S<2,4>+S<3,1>+S<3,3>+5<3,5>+S<4,2>+5<4,4>+3<5,3>

2
« X3@ T8 TsE 0+ @) T T +56,2)T56.49)T56,3)
2

s +8(2,4)+s +804,2)+5(5 s +s +s +s +5¢6,
><Z3(1’5) (2,4)T5(3,8)T5(4,2) (’1)X3(2’5) (8,4) T5(4,3) T5(5,2) (6,1)7 (S23)

where Z1 = Z(71), X1 = X(7,1), Z2 = Z(7,3), X2 = X(7,3), Z3 = Z(7,5), X3 = X(7,5). Switching U, and Us;, and comparing
U, with Eq. (S6) (N = 3) up to Us(&,fp;s), we find the measurement angle:
bro3 = —(=1)fentseytsentsuntsuntse Te. g, (S24)
This concludes the construction of the measurement pattern needed to implement Rglzf 3) (9).
By comparing the equations for ¢ 2 3 and ¢1 2, we therefore see how to systematically increase the length of the string with
larger cluster states. Figure S1 also shows that only one adaptive measurement is needed to implement long strings because we
can increase N inductively.

II. COMPACTIFICATION OF SQUARE LATTICE CLUSTER STATE

In this section, we use the theorem on local Pauli measurement to prove that the two-qubit rotation operation implemented with
the measurements on the left side of Figure 1(b) in the main text is equivalent to the operation implemented by the measurements
depicted on the right side. We start by referring to the Gottesman-Knill theorem [4] showing that Clifford operations can be
efficiently executed classically. This suggests carrying out the first round of Pauli-x projectors in the body section of the SLCS
in advance to map the original SLCS to the compactified form with simpler connectivity. This process is formulated in the
following theorem [5]: A local Pauli projector on the qubit at site j in a SLCS yields a compactified cluster state (CCS) |Gccs)
on the remaining qubits:

P |Gsrcs) = Imy)Y) © Ul [Gecs), (522

agj,

for a; € {x,y, 2} and m; = +. Here, the compactified graph Gccs is defined by

Gsres — {7}, aj =z
Gees = ¢ 7i(Gsues) — {7}, a; =y (526)
7 (7j o Tk(GsLes) — {j}), aj ==

for arbitrary choice of k € NN; (nearest neighbors to j), up to the local unitaries:

v =1] { gl } v =1 v=ize, 9, =Vivie ]z, v =v-ivi ] 4 ©27)

lEN; 1EN;\(NxU{k}) 1ENL\(N;U{s})

which are composed of the Clifford and non-Clifford parts. Here, v/Fio, = e**("/4)% for a € {x,, z}.

In the above theorem, Gccs is involved in the local complementation (LC) for the case of a; = x,y. The LC of Gsrcs
at a site j, i.e., 7; : Gsncs — 7j(Gsncs), is obtained by complementing the subgraph of Gsr,cs induced by N; (i.e., dis-
connecting/connecting qubits belonging to V; if they are originally connected/disconnected) and leaving the rest of parts un-

changed. The corresponding LC-equivalent SLCS is defined by |7;(Gsrcs)) = ud) |Gsrcs) up to the local Clifford unitary
D = /=iX; e, ViZi.
The process to reach the CCS involves a sequence of projectors. In successive applications of Eq. (S25), we need to deal with

Pauli propagation of the projector Péjj?m, because local unitaries always intervene. We note that Pauli propagation is governed
by a different rule for the Clifford and non-Clifford gates. For the Clifford gates, Pauli propagation at most flips the sign of
projector outcomes: P, + 2 = ZP, +, Py +Z = ZP, +. On the other hand, for the non-Clifford gates, it makes a more drastic
impact, i.e., the reorientation of directions:

PreaViY =ViYP, 1, PoaV—iY =vV—iYP, 4, PeaViZ =ViZPy+t, PeaV—iZ =V—1ZPy+, (S28)
Py+ViZ =ViZPyx, Py+V—id =V—ilPy+, P,aVi¥Y =ViY Py, P,aV—iY =vV—-1YP, 1. (S29)



FIG. S2. Procedure to map the SLCS to the CCS for an example of 2-qubit rotation gate.

We now revisit the measurement pattern for the 2-qubit rotation gate [see Figure S1(a) or the left side of Figure 1(b) in the
main text]. To find the CCS [shown in the right side of Figure 1(b) in the main text], we use the above theorem to project qubits
at sites j1 = (2,1), j2 = (2,3), j3 = (3,1), ja = (3,3), j5s = (4,1), js = (4,3), j7 = (3,2). We take the following steps as
summarized in Figure S2:

Step 1: Pauli-z projector is applied at site j; = (2,1) (red box) with special neighbor k; = (3,1) (blue box) to find
G(Clés = T, (T, © Tk, (Gsres) — {j1}) up to U:,gjﬁn)l (1a) LC of Ggsy,cs at k1, (1b) LC of (1a) at j1, (1c) exclusion of j; from
(1b), and (1d) LC of (1c¢) at k4.

Step 2: A Pauli-z projector is applied at site jo = (2,3) (red box) with special neighbor k2 = (3,3) (blue box) to find
Gg()}s = Thy (Tjy O Thy (G(cl()Js) —{j2}) up to UY2),. (2a) LC of ngl()Js at k2, (2b) LC of (2a) at ja, (2¢) exclusion of j, from (2b),



and (2d) LC of (2¢) at ks.

Step 3: A Pauli-z projector is applied at site j5 = (3,1) in Gg:cs Since Px 'ms does not commute with V1Y% (=)
(obtained from Step 1), Pauli propagation is used to obtain: Pg(gj?ng_\ /m11Y; CCS =/m 121733735]223 ccs . Thus Pauli-z
measurement is effectively carried out at j3, leading to the exclusion of js.

Step 4: A Pauli-z projector is applied at site j4 = (3,3) in Gg:cs Since PQ(CJ?M does not commute with VM2 Yy (=)
(obtained from Step 2), Pauli propagation is used to obtain: Pg(ffm \/ mngj4 |Gg%s \/metY;, 2(«];‘,24 ccs . Thus Pauli-z

measurement is effectively carried out at j4, leading to the exclusion of jy.

Step 5: A Pauli-z projector is applied at site j5; = (4,1) (red box) with special neighbor k5 = (5,1) (blue box) to find
Gg)():s = Thy (Tjs © Ths (Gécs) {js}) up to UY3). . (5a) LC of GCCS at ks, (5b) LC of (5a) at js, (5¢c) exclusion of j5 from (5b),
and (5d) LC of (5¢) at k5.

Step 6: A Pauli-z projector is applied at site js = (4, 3) (red box) with special neighbor ks = (5,3) (blue box) to find
GO = Tho (75 0 Tho (GELe) — {6 }) up to UYS), . (62) LC of GE.g at kg, (6b) LC of (6a) at ji, (6¢) exclusion of jg from (6b),
and (6d) LC of (6¢) at kg.

Step 7: A Pauli-x projector is applied at site j; = (3,2) (red box) with special neighbor k7 = (2,2) (blue box) to find

Gocs = Tk, (Tj, 0 T, (chs) {j7}) up to U:,(;me (7a) LC of Gccs at k7, (7b) LC of (7a) at j7, (7c) exclusion of j7 from (7b),
and (7d) LC of (7c) at k7.

We note that the final result Gccs depends on the choice of special neighbors (kq, k2, ks, kg, k7). But it turns out that any
variation belongs to the same LC-equivalent class up to local Clifford unitaries. This completes the constructive proof showing
the equivalence of the results of measurements depicted on left and right sides of Figure 1(b) in the main text.

III. MBQC SUBROUTINES FOR FERMION SYSTEMS

In this section, we derive two expressions stated in the main text: (1) the signs for the measurement angles, S}f and Sg’, and
(2) the byproduct operators of the MBQC subroutines for the Kitaev and Hubbard chains. We also prove that, as stated in the
main text, the measurement pattern for the Kitaev and Hubbard chains can be concatenated to time-evolve larger N or M.

A. Kitaev chain

We start with the first-order Trotterized form of e ~*x* [Eq. (2) in the main text]:

Uy =[] &= HR““) ~29,6m). (S30)
j k=1

It is convenient to recast Eq. (S30) into the MBQC-adaptive form by decomposing the two-qubit rotation gate into
REM(0) = RY (=N RE (=NRED (0)RP (VR (V), (S31)

in conjunction with the Euler decomposition Ry (\) = R, (y)R.(8)R;(a) where —\ = —a = 3 = v = 7/2. The number of
single-qubit rotation gates can be reduced by applying Pauli propagation to the array of gates: R, (v)R.(8) Rz (o) R.(—29,¢m)
= R;(29,0m + 7)R.(8) Ry (). After some algebra, for N = 2, Eq. (S30) has the form:

Uy = RV (=) RV (=B RED (=) R (=) R (= B) B (=) R (=20m1)
x R (29,62 +7) RO (B)RD ()R (29,611 +7)RP (B)RP (). ($32)
For larger N, Eq. (S32) can be concatenated in the following way:

Uq:{ i <N—1V>V‘L§N;-)2W 5?; b Na ($33)
4 W {szz VY ]W; )N >4,
where we define three types of composite gates:
Wi = RO (=a) RO (=) RO (—7) RLD (~26a0) R (29,60 +7) RO (B)RLD (a)
x R (2g.00 +7)RP (B)RP) (a), (S34)
Vi) = R (—)RY) (- NRETD (=200 BT (29,00 + )BT (B) R (@), (335)

B)RY)(—
(2<j<N—2)(N>4)
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FIG. S3. (a) Coordinate systems for assigning qubit positions in the measurement pattern for the Kitaev chain with N = 2. In panel (b-d),
we highlight correlation centers contributing to Sg, , [Eq. (S39); red boxes in (b)], {Squ S5, Sd??’ SJ;}} [Eq. (S40); blue boxes in (c)],
s 1

{Siﬁfz’ S«Zf} [Eq. (S41); red boxes in (c)], {Sﬁgl 3 S, Sd?%’ S@} [Eq. (S42); blue boxes in (d)], and {5{1527 SJ)%} [Eq. (S43); red boxes in
(d].

W=t = RV (o) RV (=) RV (=) BEYD (o) ROV (= B REY (=) RETTH) (=20m)
x RV (2900 + )R (BB (0). (N > 3) (836)

Before dealing with large N, we first consider the simplest example with N = 2. The measurement pattern for implementing
Uy (N = 2) is shown in Figure S3(a). The measurement pattern is composed of 5 parts: the main SLCS for a two-qubit rotation
gate and 4 legs for Euler-decomposed single-qubit rotation gates. To justify this, we do not repeat the analysis in the stabilizer
formalism, but instead combine the known results for 5 different gates (see Sec. I). We start with the following array of unitary
gates and byproduct operators:

U (1:2) [R(l)( OHX 5(12,1>R(1)( —? )Z; Zsai, 1>R(1)( s )Zgw 1)X9(1o 1>]

swap

[3(2 (=i )X xsaz2 3)R(2 (=22 )Zs Ziar, 3>R(2)( 03 )Z§(9’3)X23“0’3)]

[R(l 2)( (—1)* T FsEnTsEs g o) s(vlvazp)Zf(°’1)+s(6’2)+5(7’3>XS(G’UHU'Q)JFS(S’:” Z;‘5’3)+S(6’2)+S(7’”XQS(”’+8<7'2)+S(8’”]

% [RS)( $1)X 3(41>R(1)( o7 2) G<31>R(1)( o7 )Zsu 1>X@<21>]
x [RP) (=2) X5 RO (=3 %) 259 R (=) 2,2 X529, (837)

where the expression in the third bracket comes from the two-qubit rotation gate, while the remaining expressions come from the
Euler-decomposed single-qubit rotation gates. The next step is to push all byproduct operators to the left side of all other unitary
gates by successively applying Pauli propagation (Here, two swap gates are canceled). Then Eq. (S37) is recast into the form:
UsU,, where Us is the total byproduct operator. Matching U, with U, [Eq. (S32)], we find the expressions for measurement
angles:

P12 =2P3 oM, &5 = —P5,(20.0M +7), ] = Py’ (S38)

where " € {+a,+8,7} for r = +1,42,3, and Py = (—1)%¢. The exponent Sy accumulates all measurement outcomes
during single-qubit measurements. Specifically, the exponent for the two-qubit rotation gate is defined by [see Figure S3(b)]
5512 = 521) T 823) +8(41) T 8(43) +5(6,1) T 5(6,3) T 5(7,2)- (S39)
Other exponents for the single-qubit rotation gates are defined in the hierarchical form [see Figure S3(c-d)]:
51[,;1 = 5(1,1)»

S&l = Sll_’;l + 5(371),

Sgz =S5, T 56.1) T 56.2) T 57,3 T 50.9),

Sg1 = S8gs +5011,3)

S*—2 = S5(2.1),
¥y (1) (S41)
Spz = S8g-2 451 T 56,1 +57,2) + 583 +50103),

(S40)
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FIG. S4. Coordinate systems for assigning qubit positions in the giant measurement pattern for the Kitaev chain with IV > 3, which can be
built by combining three types of measurement patterns for (a) Wg(l), (b) Vg(]) 2<j<N-2)(N >4),and (c) WQ(N_I) (N > 3). Here,
input and output qubits are indexed by (j1,72) = (j,j + 1) for a given j in (b), and (N1, N2) = (N — 1, N) for a given N in (c).

51212_1 = 8(1’3),
ngz = 51;271 + 5(3,3)
Sgz =55, + 5,3 T 56,2 T 57,1 +500,1),
S@; = Sw’g +5011,1))

Sd;;z = 8(2,3), (543)
Sz = Szt 83 563 T S(r2) 81 +500,)-

(S42)

We also find the total byproduct operator:
Us = 2 X, 2,72 X5, (S44)
where the exponents are defined by using Eqgs. (S40)-(S43):
Sz, = S@, Sx, =S8g2 +5312,3), Sz, = Su-,;, Sx, = SzZS + 8(12,1)- (S45)
We now concatenate the N = 2 result to N > 3. We proceed in two steps: First, we build three types of measurement patterns
for Wg(l), Vg(j ), WQ(N_U [Egs. (S34)-(S36)] (Figure S4). Second, we combine them in a specific order for a given N. The

resulting giant measurement pattern has a cascade structure flowing from the left top to the right bottom. It turns out that there
is no change in Eq. (S38) but with generalization:

bik = 2P;,  dumr. (546)
The exponents in Egs. (S39)-(S43) are modified into:
@ _ 1) €) () () () ()
S5 = [5Gy T 5] 0in + 5Gm + 51 + 500 + 506 + 57 (S47)

and

@ _ M)
Sz&J;l =su,n0.0
¢ j 1
ng) = S/,(/;Jf)l + 82(335]',1,

: ; . . , , $48)
D) _ o L) L) L) L) (
Sja =55, T 55 T 562 (s T 56
] 1
Sl(zjf)Q = 552,)1)51',1’
) ) (S49)

b _ o) (1) () () (G
Sgr =55 T sunTin 86y T 57 T 5@+ 500



Sl(;%l E?s)
) st 1, -
S, = S;]H + Sg):a) + 3%?2) + 5 + 8o 8rN-1,
R
G (7)
?@ _ S(<2J>3 O D D S5D)
b T M ) + 5063 T 572 T 5E1) T 5(10,1) 95.N-1,

respectively. Here the superscripts in s() and SU) are to be consistent with Wg(l), Vg(j ), Wg(N_l), and ¢, j+ is the Kronecker
delta. The exponents in the byproduct operator have forms similar to Eq. (S45):

S(J) S(j)

) Sgg) _ S(J) + S(J) S(J)
P’ J

j j j N-1
(12,3)) Y Zj41 T Sq(ﬁjjl.{rl’ Sggjﬂ = SQ(/;]?)H + 8( )6331\7*1‘ (852)

(12,1)
To complete the concatenation process, we need to reapply Pauli propagation to push all byproduct operators to the left side
of all other unitary gates in the giant measurement pattern. In this process, the exponents in Vg(j ) are adjusted to accumulate

further the measurement outcomes in Vg(J Y The same thing also happens for the pairs: {Vg(z)7 Wél)} and {VNVéNfl), Vg(N72)}.
Consequently, some exponents are modified in the following way:

S(J) *)S(])+S(] 1)’ S(]) *}S(])+S(] 1)7 S(]) 4)5(])4*50 1)7 S(J) *)S(—J) +S§g7_1)~ (553)

i+l bj.i+1

This concludes our derivation of expressions discussed in the main text: (1) the signs for the measurement angles, SX, and
(2) the byproduct operators for the Kitaev chain. We have also proven the statement that the measurement pattern for the Kitaev
chain shown in the main text can be concatenated for larger chains.

B. Hubbard chain

We start with the first-order Trotterized form of e~ *Hut [Eq. (6) in the main text]:

aN—
H [RT=12D (g da) RV (gudnr ) R (gu b)) H [REFFLEE2) (60 ) RYDFFLRT2) (6)]. (854)

It is convenient to recast Eq. (S54) into the MBQC-adaptive form by decomposing the three-qubit rotation gates into

j, kel _ j l ikl j l
REED(9) = RP (-NRP (=N RZED (O)RP (MNRP (N), (S55)
REED(9) = RO (VRPN REED (0)RY (~N)RP (), (S56)

in conjunction with the Euler decomposition R, (\) = R, (v)R.(8)Rs(®) where —\ = —a = § = v = w/2. The number of
single-qubit rotation gates can be reduced by applying Pauli propagation to the array of gates: R, (gu¢ar)Re(—a)R.(—B) Rz (—7)
= Ry (—a)R,(—B)R;(—gudar —v). After some algebra, Eq. (S54) is rearranged into a form for use in concatenation of longer
Hubbard chains:

(1)
Wy N =2
Ug = { Wg(N—l) HN 2V(J)7 N>3 (S57)

where we define two types of composite gates:

Ve = R4 (guonn) RET™ (u oan) B (=) BED (= B)RED (= gu dar — 7)RETH? (o) RETF (= B)RETH (=)
X RELHFLAED (600) RED () RED (B)RED (A + ) RETHD () RETHD (B) RETHD (A + a)

(oa) BV (@) BED (—a) RETH D (a) REH) (—a)
x RELTH2D (93) R (A = a) RO (=B)RETD () R (A = a) RETFD (= f) R ()

(6an) RV (1) RETD (B)RETD (@) RETY (1) RETHD (B) R (a), (S58)

M

x RI2HL2ZIH2) (g ) R2i—1)

> R(2j 1,25,25+1) ¢]W
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FIG. 85. Coordinate systems for assigning qubit positions in the measurement pattern for the Hubbard chain, which can be built by combining
two types of measurement patterns for (a) V<7 ) A<FJ<N-=2)(N >3),(b) W(Nfl) (N > 2). Here, input and output qubits are indexed
by (@) (j1,j2,73,J4) = (27 — 1,274,275 + 1,25 + 2) for a given 7, (b) (j17j27j37j4) (2N — 3,2N —2,2N — 1,2N) for a given N.

WNTD = REN 3282 (g1,60 ) RPN (gu dar ) RN 2 (=) REN 2 (= B)REN ) (—gudar — )
x REN120 (guoan) RPN (gudar) REN (~a) REM (= B)REN (~guéar —7)
% R(2N 2,2N—1, 2N)(¢ )R(QN—Q)( )R(QN_Q)(B)REPN_Q)()\‘FOK)R:(EQN)(V)REFN)(ﬁ)R((EQN)()\+a)

% Rgi];/ 2,2N— 12N)(d) )R(QN 3)( )R(2N 2)( )R§02N_1)( )R(QN)(_ )
% Rgzjz\f 3,2N—-2,2N— ((b]tl) (2N-3) ( )R(2N_3)(—ﬁ)R(2N 3)( )R;2N—1)(_)\ _ a)REQN—l)(_B)RgQN—l)(_,}/)
x RETTSANZ2END (0 ) REN ) (y )R(QN (BRI () REN D () REV D (B)REN Y (a). (S59)

To implement the measurement pattern for U,, we can take the same strategy as for the Kitaev chain. The procedure has two

steps: First, we build two types of measurement patterns for Vg(] ) WéNfl) [Egs. (S58), (S59)] (Figure S5). Second, we combine
them in a specific order for a given V. The resulting giant measurement pattern has a cascade structure flowing from the left top
to the right bottom. Since detailed mathematical derivation is lengthy even for N = 2, we just summarize the result below.

Regarding the measurement pattern for Vg(j ) [Figure S5(a)], it turns out that the measurement angles have the form:
Ot = —Pye o, bjk = =P, gudnm, V; = Py’
67 =£Pselguon + (1£1)7/2), X7 =£Ps(A +a), (S60)

where " € {+a,+3, £, £} for r = +£1,42, +3,+4, and Py = (—1)¢. The exponents for the three-qubit rotation gates
are defined by

=l e+l o ety )
Séi) Loy Sg?l) 8)5) + 5y + 5(hm 8@ T S0 + 3%?5) Eé)l) + sa) + 5ths) + 5000 + 5108 + 50

+ 58)2 T SEJ1)2 5t ngm) + 3521,5) + SE?@ nt 5?125 3 T 3823 5 T 5823 T 5?12; 5t SE{.ZJ 9) T S(19 4) (562)
S;J:J wrrmrin ngz)s) + 3835) + 3%)3) + 5%)5) + 5%?2) + 352)1) + Sgé)s) + 3%4) + 382) T 582) 3) T Sg)z yt 5%121 1)

(4) (4) ) @) (4) () ) (4) (9) ) ()
+536,1) T 56,3 T S(m.a) T 50181y T 5(18.5) T 5(10.2) T 5(20.3) T 5(20.5) T 5(22,3) T S(22,5) T 5(22,7)

() (4) (4) () (4) (49) (4
+8u3) T S(2a5) T S(2u) T 5263 T S(a67) t S(ar.ay T S(;7,6)7 (563)
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it P2 + s 7) G (7.2) T 5@ + W) .
i—1 (14 + ) ) »3) (9)
59 =@ 4 50 5+ 3(1ss) + ina + 50 0 5o + 900
2j (5,3) TS J ; 4) ) )~ T(12.5)
. S(;) (6.2) ‘+ 8524) NC) RN ) (18,3) T S(l0.2) + sg% ot s _ (S67
SO _ gl +5(16.4) + 51 By + 5(2) + 50 + 5(al) + 503 5 5 :
X SJ)%_ + W) ) i (17,1) +58) NG 5) T %(8,2) +sgé) + s . 7
51%23 = g(jj (23,3) + 8204y T8 5 G S(1r5) T 5\7) (j)A) o3 T 88)
% g T Sg,) 7 Ghs) T+ 5066) T 50 (18.2) T S(18.4) T 5@ 5:5)
S<$J+) = S(j)J (4177)7 ooy * 5(;) CRRCUN Sg)l 3
o) it St + (0, ) " .
v = gU) 4 ) (34,6) T 53 () ,
¥ + + S ( 5 5) + S
) b2; (41,3)> ’ (36,4) + 5(3) .
g . 3) (373 T s (S68
,&2—.2 B S(J) + G) ’ (39,3) )
J (6,3) T 5(7.2 + S(j) )
+ (4) 2) (7,4) + 8(j) + ()
S(16,3) T st L@ S(g,3) T s j
+ E] 3) 17,2) —|—3(]) . 3) (8,5 +S(J) (j
. s gj ' 17,4 + s49) ~(8,5) 7 79,2 + st j
) (20,3) T8 E ) 18,1) T () ) TS T s
S5 =5 Do Y + 55+ 0 “(183) T s+ o
; d e S (32,7) + S(j) 3) G (25,4) +sY N gj875) 5(19,2) + S(j)
U, ) (347 T S(Q,) ) 265 T S@76 T RE 19,4)
o, s G 74) T SGss) T NOB ) (S69)
S T o3y
Wi s (j;5),
) ' Vo T5Gs T sW) G
o= 58] (o) 7O + 59y + s
(,)J+1 93 +8J) 3) T @82 +s(j) '
SY 241 (13,1) :2) + s
Dt sul 4 G) : ©.n T Sy
G+1 c . ’
g0 X2 S(5,1) T 8823 FRNE)
B2, s 2) T 8a7s T s\ (i (S70)
(j)1+1 (2’5), ’ (1874) + s ]) ()
Sh = g (10.5) t 5(n
2j+1 32 + S(j) G ,5)7
2j+1 (45) TS 7) G _
6,5 15 ) (
iy + 5y + 5Ly + 5l
®,3) T 509,2) + S(j) .
5 (1071) -+ s(])
(az1y (S71)
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SQS/SJ;HZ Sg)m)’
ng“ = S(’];Hz + 5833,7) + ngl,ﬁ) + 5&?5,5) + 58)6,4) + Sg)m) + 58)9,3)7
Sa(/j*)+ - ng” + 5(31.3) (S72)
S%’m - S%iz + Sgéﬁ) + 525;21,4) + 58)5,5) + 58)6,6) + 5%?7,7) + 58)9,7)7
Sihe =Sk, + sl
5%_2“ = sg)zj) + 582;,7) + Sg)s,ﬁ) + Sgé,s) + Sg)7,4) + SE;)SJ) + ng),s)a 573
szj;j“ = Sf;l—l% + 55?2,3) + 3821,3) + 32?5,4) + Sg)s,s) + 58)7,6) + 3823,7) + 382),7)'
We also find the total byproduct operator:
where the exponents are defined by using Eqs. (S66)-(S73):
S(zjg)jfl = Sf;];ﬁl + 58?91) + 3831,1) + Sg?s,n + 352;,2) + SEQ:,,S,)’ (875)
Sggg)j_l = S;;gﬂ + 851)2,1) + 3821,1) + 5825,2) + 5825,3)’ (S76)
87, = S5 + s + 5t T 5Gb) (877)
SR, = S5+ sina T S + 5(hba) T 5Gb.): (S78)
Sggjﬂ = 51(5211 + 5%,5) + 3&,4) + ngx,a) + Sg)5,3) + 58)5,5) + 3823,7) + 382;,4) + SE%,G) + 38)7,5) + 3839,,5) + 5521,4)
+ ng;,ﬁ) + 55?5,3) + 5%23,5) + 58)5,7) + Sg)e,4) + 5825,6) + 3%?7,5)7 (579)
Sgg;jﬂ = S:%LI + 5&,1) + 38%,1) + 58)7,2) + 52]123,3) + 382),4) + Sgé,s) + 352)2,5) + 5&,5) + 3&,4) + 883—),@ + Sg)&s)
+ 88%,5) + SE%:) + 58)7,4) + 522)7,6) + 3%23,5) + 5821,5) + 58)5,4) + 88)5,6) + 88,2;,3) + 5825,5) + 5823,7) + 3837,4)
. 550
s =504 (s81)
S0 = S8, * Sy (382)

The same strategy is applied to Wg(Nfl) [Figure S5(b)]. Due to structural similarity, most of the results for Vg(j ) can be held
only with the index j replaced by N — 1. The exceptions occur for Egs. (S79)-(S82) with modifications:

S = S 3G+l (i) + o) ol (s8)
S04 = S g+ o(ia) + o(lis) + (i) + s 584
S = S0 sl +ating) + (i) (589)
S0 =90 ol +oline) T ol (536)

In the right bottom of Figure S5(b), three measurement angles (41_72_ N1 QB;N, 452 N—1,2 ~ ) are introduced with definitions:

Pan_12N = — P,y 1 an UM, Gon_1 = =P gudm, ban = L (guonm + ), (S87)
where the exponents are defined by
(N=1) _ o(N-1) (N-1)
S_;N_l - SX2N—1 + 8(40,5) ) (588)
(N-1) _ o(N-1) , (N=1) , (N—=1) , (N-1) , (N—=1) , (N-1) , (N-1)
S&;N = S@;j\ﬁ;_z tS33,3) T 83a4) T 5355 TS@6,6) T 5377 1539, (S89)
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FIG. S6. Schematic for correlation centers contributing to Sgﬁ (blue boxes) and Sgl (red boxes) in the giant measurement pattern for the
1 .

N = 3 Hubbard chain. Here, correlation centers are highlighted over two successive measurement patterns for (a) Vg(l) and (b) W;Q).

(N—1) _ (N—1) , (N—1) , (N—-1) | (N—-1) . (N-1) , (N-1) , (N-1) , (N-1) , (N-1) , (N-1) , (N-1)
Ganran 525 T8am) TSes TSra TSes TS0z TS1on TSuzy TSy tSuen TSare
(N—1) , (N=1) , (N=1) = (N—=1) . (N=1)  (N=1) , (N=1) , (N=1) , (N—=1) , (N—=1) . (N-1)

tSas,3) TS(94) T S205) T 50225 1 S022,7) T 5245 1 S@47) T 5254 15263 T 5267 1 S(2r.6)

(N-1) | (N-1) , (N-1) , (N-1) , (N-1) | (N-1) , (N-1) , (N-1) , (N-1) , (N-1) , (N-1)

+ S285) T 5283) T 50,3 T 5323 15343 75345 T 5356 T 5363 15367 15374 15385
(N-1) | (N=1) , (N-1) | (N-1) | (N-1) _ (N-1) , (N-1) , (N-1)

+ 88,y T 50,5 TS0, TSu25) 1 Su2n T Suas) T 5uar T Suse) (S90)

To complete the concatenation process for N > 3, we need to reapply Pauli propagation to push all byproduct operators

(3

to the left side of all other unitary gates in the giant measurement pattern. In this process, the exponents in V' are adjusted

to accumulate further the measurement outcomes in Vg(j ~Y. The same thing also happens for the pair: {Wg(Nfl), Vg(N72)}.
Consequently, some exponents are modified in the following way:

55 s~ 50 TS0 T o
SN T o5
Si) .~ Sg, ., + 55,1, (S94)

S5 — S5 + 87, (S95)

S5 =8P s, (S96)

S§) — 8§+ 54D, (S97)

for 6; € {@jﬂ, zﬁfs, &jﬂ, )Zji, ¢; }and¥; € {&J»ﬂ, ¢; }. Figure S6 demonstrates the positions of correlation centers contribut-
ing to S (i) and S(%ZL in the giant measurement pattern for the N = 3 Hubbard chain.
i :

This concludes our derivation of expressions discussed in the main text: (1) the signs for the measurement angles, Sgl, and (2)
the byproduct operators for the Hubbard chain. We have also proven the statement that the measurement pattern for the Hubbard
chain shown in the main text can be concatenated for larger chains.
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FIG. S7. (a) Minimum number of Trotter steps, M, for time step n(= 0,1,---,L — 1). Here, we consider the Kitaev chain, and set
n/w = 0.02, dw/w = 0.01, L = 46, N = 4, and g, = 0.01 (red), 0.05 (orange), 0.1 (green), 0.4 (blue). Convergence of solutions is
achieved within a tolerance &r = 10~ 2. (b) Normalized measurement angle x,, corresponding to the minimum M found for each 7.

IV. ESTIMATION OF TROTTER STEPS AND MEASUREMENT PRECISION

In this section, we explicitly show the empirical calculation used to obtain the minimum number of Trotter steps, M, and the
normalized measurement angle x,, = nw/(dwLM) discussed in the main text. Figure S7(a) plots the minimum value of M
needed to meet tolerances for the Kitaev chain for several different values of the chemical potential. We see that the M needed
increases nearly linearly with the time step index. Figure S7(b) plots the corresponding measurement angles needed as a function
of time step for several different chemical potentials. Here we see that, as stated in the main text, the largest measurement angle
is below 27 (as needed), and that the smallest angle needed to be measured can become very small as g, — 1. These graphs
show how the bounds on M and Y., stated in the main text were obtained.

V. ESTIMATION OF RESOURCE REQUIREMENTS

In this section, we prove how we obtained the resources requirements for a single time step of Eq. (8) in the main text and for
fixed M and N, shown in Table I in the main text.

A. Kitaev chain

o SL.CS measurements: On an SLCS for a Kitaev chain (Figs. S3 and S4), all Pauli-z (open boxes) and adaptive measurements
(boxes including symbols) are counted. For our purpose, we don’t count measurements on input qubits lying at the end of
information flow. For N = 2, we consider Fig. S3(a). The measurement count is 24. For N = 3, Figs. S4(a) and (c) with
(N1, N3) = (2, 3) are combined. The measurement counts are 20 and 21, respectively. The total measurement count is 41. For
N > 4, the N — 3 copies of Fig. S4(b), indexed by j (2 < j < N —2), respectively, are stacked side by side, and then surrounded
by Figs. S4(a) and (c) with (N1, N3) = (N — 1, N). The measurement count for Fig. S4(b) is 17. The total measurement count
is then 20 4+ 17(N — 3) 4+ 21 = 17N — 10. M-times repetition produces (17N — 10)M.

e CCS measurements: On a CCS, all Pauli-z measurements in the body section of SLCS are excluded. As before, we don’t
count measurements on input qubits lying at the end of information flow. For N = 2, the measurement count in Fig. S3(a) is
reduced to 13. For N = 3, the measurement counts in Figs. S4(a) and (c) are reduced to 10 and 11, respectively. Merging
Figs. S4(a) and (c), and further excluding Pauli-x measurement at input qubit 2 in Fig. S4(c), the total measurement count is
reduced to 10 + 11 — 1 = 20. For NV > 4, the measurement count for Fig. S4(b) is reduced to 8. Merging Figs. S4(a)-(c) in the
same way as before, and further excluding Pauli-x measurements at input qubits j (2 < 5 < N — 1) in Figs. S4(b) and (c), the
total measurement count is reduced to 10 + 8(N — 3) 4+ 11 — (N — 2) = 7N — 1. M-times repetition produces (7N — 1) M.

o Circuit-based gates: Circuit-based gates are counted by using Eqs. (S32)-(S36). It turns out that the result is consistent with
the CCS measurement count.

B. Hubbard chain

e SLCS measurements: On an SLCS for a Hubbard chain (Fig. S5), all Pauli-z (open boxes) and adaptive measurements
(boxes including symbols) are counted. For our purpose, we don’t count measurements on input qubits lying at the end of



15

information flow. For N = 2, we consider only Fig. S5(b). The measurement count is 168. For N > 3, the N — 2 copies of
Fig. S5(a), indexed by j (1 < j < N — 2), respectively, are stacked side by side, and we end up with Fig. S5(b) at the rightmost
side. The measurement count for Fig. S5(a) is 154 for 5 = 1 or 156 for 2 < j < N — 2. The measurement count for Fig. S5(b) is
170. The total measurement count is 154 4+ 156(N — 3) + 170 = 156N — 144. M -times repetition produces (156N — 144) M.

e CCS measurements: On a CCS, all Pauli-z measurements in the body section of SLCS are excluded. As before, we don’t
count measurements on input qubits lying at the end of information flow. For N = 2, the measurement count in Fig. S5(b)
is reduced to 36. For N > 3, the measurement count for Fig. S5(a) is reduced to 34 for j = lor36 for2 < 5 < N — 2.
The measurement count for Fig. S5(b) is reduced to 38. Merging Figs. S5(a) and (b) in the same way as before, and further
excluding Pauli-x measurements on input qubits not lying at the end of information flow, the total measurement count is reduced
to 34 4+ 36(N — 3) + 38 — 2(N — 2) = 34N — 32. M-times repetition produces (34N — 32)M.

o Circuit-based gates: Circuit-based gates are counted by using Eqs. (S57)-(S59). It turns out that the result is consistent with
the CCS measurement count.

VI. TOLERABLE ERRORS IN MEASUREMENT ANGLES

In this section, we prove that, in a hybrid quantum eigenvalue estimation algorithm, peak centers are intact while peak weights
are shifted for certain types of measurement errors. For the purpose of demonstration, we revisit the measurement pattern for
the N = 2 Kitaev chain, and consider error €4 in Euler-decomposed measurement angle # due to inaccurate measurements:

Uit =—Ppory(ateg), 97 =—Py2(Bteg2), ¢ =—Pg (2060 +7+e5,), (S98)
Vi = Pplaten), ¥f=Pp(B+eg), ¥ =Puly+egp), (899)

where —a = 8 =~ =7/2and j € {1, 2}. For clarity, we assume that no error is invoked by Pauli-z measurements (preserving
stabilizer) and quantum state tomography of input and output qubits. Plugging Egs. (S98) and (S99) in Eq. (S37), and applying
Pauli propagation to unitary gates and byproduct operators, the error-prone output wavefunction |§) has the following form in
the first-order Trotter-Suzuki decomposition:

06) = (UIU,U)M ), (S100)

up to the byproduct operator. Here, Uy is defined by Eq. (S32), and the error-prone parts of unitary gates are defined by
Ue = RW (=5, )RV (—e52) R (251 ) RP) (=5, ) R (252 ) R (251, (S101)
Ue = RO (—eg3) R (—e52) RV (€51 ) R (—e 33 ) RY) (—e32) R (1) (S102)

We now discuss the impact of errors on spectral properties. Two different scenarios are available depending on the condition:
(1) U = U, (ii) U. # U.. First, we notice that the symmetric condition (i) requires a special measurement protocol: errors
in any of the first three filled symbols in Figure S3(a) should match the errors in the next three unfilled symbols in the reverse
order. Below, we show that errors are effectively mitigated in this case. We start by making an overlap between the input and
output wavefunctions:

(Wiles) = (il (UIUU)M ) = (v e ). (S103)
Noticeably, in Eq. (S103), errors in measurement angles were effectively shifted to perturbations to input qubits: [¢7) = U, Mapy),
while the original time evolution operator was recovered: e~ *fxt = [J gM . It is understood that such perturbations are tolerable,

because [1)1) only needs a non-zero overlap with the exact ground state. Expanding the input wavefunction into |¢1) = 3, ¢;|u;)
with the eigenstate |u;) satisfying Hx|u;) = &;|u;), Eq. (S103) is written in the spectral representation:

(ilug) = > |d5|%e ", (S104)
J
where we define the modified expansion coefficients:

d5 = (iU [ug)eyr, (5105)

51

J

which are the mixture of the original coefficients c;, mediated by U.. Plugging Eq. (S104) in Eq. (2) (in the main text) gives rise
to the formula:

Ac(w) = |d5P A (w), (S106)

J
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where the Lorentzian peaks are defined by A;(w) = —(1/m)Im[1/(w — &; 4 in)]. The structure of Eq. (S106) shows that errors
in measurement angles are tolerable in the symmetric condition: energy eigenvalues are intact while peak weights are shifted.
In the asymmetric condition (ii), there is no way to reconstruct e~ Hxt from Eq. (S100), because UET Us # 1, [Uy, U] # 0, and
Uy, U 1] # 0. Consequently, energy eigenvalues are not intact (pole structures are not preserved), that is, general errors are not
tolerable.
Finally, we note that error in measurement angle ¢, is also tolerable. It turns out that such error invokes global shifts in the
time interval, and does not impact the Fourier transform.
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