PHYSICAL REVIEW A 110, 012465 (2024)

Redundant string symmetry-based error correction: Demonstrations on quantum devices

Zhangjie Qin 1" Daniel Azses®,2" Eran Sela,? Robert Raussendorf,? and V. W. Scarola®!
' Department of Physics, Virginia Tech, Blacksburg, Virginia 24061, USA
2School of Physics and Astronomy, Tel Aviv University, Tel Aviv 6997801, Israel
3Institute for Theoretical Physics, Leibniz University Hannover, 30167 Hannover, Germany

® (Received 28 October 2023; revised 27 April 2024; accepted 10 July 2024; published 31 July 2024)

Computational power in measurement-based quantum computing stems from the symmetry-protected topo-
logical (SPT) order of entangled resource states. However, resource states are prone to preparation errors. We
introduce a quantum error correction approach using redundant nonlocal symmetry of the resource state. We
demonstrate it within a teleportation protocol based on extending the Z, x Z, symmetry of one-dimensional
cluster states to other graph states. Qubit ZZ-crosstalk errors, which are prominent in quantum devices, degrade
the teleportation fidelity of the usual cluster state. However, as we demonstrate on quantum hardware, once we
grow graph states with redundant symmetry, perfect teleportation fidelity is restored. We identify the underlying
redundant-SPT order as error-protected degeneracies in the entanglement spectrum.
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I. INTRODUCTION

Measurement-based quantum computation (MBQC) is car-
ried out purely by measurements of an entangled resource
state [1-3]. Although MBQC does not use gates in the course
of computation, gate errors affect resource state prepara-
tion. Thus, implementing MBQC in the current era of noisy
quantum computers [4—8], including numerous applications
[9-11], requires quantum error correction (QEC) methods
for MBQC. A key source of errors in quantum devices
that one would like to protect against is qubit ZZ-crosstalk
[12-19]. Idle ZZ-crosstalk can arise, for example, from long
range-interaction between qubits which are intrinsic to certain
qubit platforms, e.g., Rydberg atom-based [20] resource state
preparation.

The computational power of MBQC resource states relies
on the presence of symmetries having a nontrivial action
on the edge [21-27], i.e., on symmetry protected topolog-
ical (SPT) order [28-38]. SPT phases can be detected by
degeneracies in the entanglement spectrum or their related
string order parameters (SOPs) [27,39-43]. In this work, we
apply such a symmetry-based approach to propose a QEC
method in MBQC protocols. Generally, SPT states are char-
acterized by a certain symmetry group. As the main example
on which we focus, the authors of Refs. [21,44] proved that
one-dimensional (1D) SPT states with (Z,)?> symmetry [44]
are resource states for 1D MBQC. Therefore, MBQC is im-
mune to symmetry-preserving noises [45]. However, many
common noise sources are not symmetric, e.g., ZZ-crosstalk
as discussed below.

Here we introduce an approach to make MBQC protocols
error-oblivious by growing graph states with extended sym-
metry groups, (Z,)3, where g is a graph-dependent integer.
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Our approach gives a framework to understand existing error
oblivious graph states [46] and to construct new ones. We
focus on teleportation fidelity as a nonlocal probe, related to
tests of computational power based on the SOP [47-49].

MBQC-based teleportation corresponds to a path from in-
put to output, along which errors may occur. As displayed in
Fig. 1(a), our error correction methods allow us to deal with
errors. Knowledge of the input and output states identifies the
error. Likewise, knowledge of one of the input or output states
and the error, allows us to deduce the other state.

Our symmetry redundancy-based error protection can be
understood in terms of multiple teleportation paths. The vari-
ous errors that may occur shrink the symmetry group, but as
long as a minimal amount of symmetry persists, teleportation
is unaffected. This corresponds to a particular path connecting
input and output. After introducing the stabilizer formalism,
we make this picture explicit in various graph states, see for
example Fig. 1(b). We demonstrate our construction using
different numerical methods and real noisy quantum comput-
ers (IonQ and IBMQ) where we consider protection against
ZZ-crosstalk and single qubit errors.

The paper is organized as follows. In Sec. II we introduce
graph states, which form the basis for MBQC, as well as graph
states perturbed by errors. In Sec. III we provide a simple
exposition to MBQC and teleportation in a 1D graph, and
discuss its limited robustness against errors. Then, in Sec. IV
we formalize our general idea of enhancing the symmetry of
the graph state as a method for error protection. We provide
results on real quantum computers in Sec. V and in Sec. VI
we further exemplify this concept in the context of a partic-
ular graph state [46] with higher symmetry. In Sec. VII we
apply the formalism to ground states of perturbed stabilizer
Hamiltonians. Finally, in Sec. VIII we show that the error
protection in these various graphs results from error protected
degeneracies in the entanglement spectrum. We summarize in
Sec. IX.

©2024 American Physical Society
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FIG. 1. (a) Decision Triangle: If any two items are known, our
protocol reveals the third. (b) Diamond Graph: The simplest example
of a graph state with redundant symmetry. The vertices are marked
with X or Y depending on their stabilizers, see Egs. (1) and (4),
respectively. The different paths, marked with blue and green, show
the (Z,)* x (Z,)* symmetry, where each path contributes (Z,)* to
this redundant symmetry form. The wavy line between vertices 3
and 5 represents an idle ZZ-crosstalk error. The input (output) I (O)
is the left (right) most vertex.

II. ERROR-PRONE GRAPH STATES

Graph states are stabilizer states corresponding to a graph.
Consider a graph G = (V, L) consisting of vertices i € V and
links (i, j) € L. Conventional graph states |1{/s) are the unique
eigenstates of the stabilizers [50]

k=x [] 2 )
JEN ()
where N (i) is the neighborhood of vertex i connected to it by
a link. X; and Z; are Pauli matrices acting at vertex i. To create
the state stabilized by the K;’s one starts from the product state
[1; I4); where |[+) = (|0) + 11))/+/2, and then entangles it by
applying CZ;; = e~ '5U=24=2+2Z)) gates on all links.

Here we are concerned with the preparation of graph states
on quantum computers [51,52]. We assume that, in addition
to single qubit rotations, we have access only to native Ising
gates

UZ(eyp) = 7 1H 0 = o VSIE (), (2)

where E(e;;) = e~i%% is an idle ZZ-crosstalk error [14]
parameterized by ¢; ; that may vary from link-to-link.
Thus, we consider states of the form

Wo(fei; ) =[] U,§Z<e,;j>[]"[ ef911f|+>i]. 3)

i,jeL ieV
The 6;’s are specified for each graph as exemplified below,
such that ideal graph states, |V ({€; ; = 0})), are stabilizer
states with a minor modification: some vertices contain an
additional e~'%% rotation, thus the stabilizers at these vertices
are replaced by

k=Y. [] z. )
JEN ()
We mark those vertices in the figures by Y instead of X. We
note that this choice does not affect the commutativity of
stabilizers. The motivation for this choice will become clear
below, as it simplifies the teleportation circuit.

Figure 1(b) shows an example, the diamond graph. It con-
tains an input and output vertex, 1 and 6, respectively. It is the
simplest example with redundant paths. Its circuit realization
is shown in Fig. 2 where the angles 6; are denoted explicitly.

| )1 RZ(‘%‘ X/?(
U,(0)
| + )’26 T Rz(—m) — X/7<'
| +)3 Re(—m)— X/)('
Uy (e35)
|+ e e
| +)3 Re(-n— X
[+ 7% k-2 o)

FIG. 2. Diamond Graph Circuit Diagram: Gate sequences used
to obtain data shown in Fig. 3 (top). All but qubit 1 are first aligned
along the x direction. Qubit 1 is prepared in the state ¢;. The qubits
are then entangled with Ising gates. The gate entangling qubits 3
and 5 are perturbed by €35. Single qubit z rotations are then applied,
where R.(y) = e~'7%/2, Measurements of all but qubit 6 along the
qubit-x direction propagates the state from qubit 1 to qubit 6. Qubit
6 is measured in the basis of ¢; to construct the fidelity.

II1. SPT PHASE AND TELEPORTATION

To test if the teleportation property of a resource state |[/¢)
is protected against a unitary perturbation such as E(e;;) we
first introduce the symmetries {s, } which generate the symme-
try group of the graph, S, i.e., s4|¥g) = |¥¢) forany s, € S.
Each symmetry is a Pauli string generated by the stabilizers

se =[] 5)

Jjea

where o denotes a subset of the vertices which can be nonlo-
cal. Each symmetry can be factorized into three parts, acting
on the input, middle, and output, as s, = s{sMs(@. By
measuring the middle region in the Pauli basis according to
s, the operator is transformed to a %1 sign depending
on the measurement results. We assume that a simultaneous
measurement exists, implying that s**) commute for different
«. Finally, there should be at least two such symmetries, such
that the common eigenstate of both sg)sfxo) (e =x,7)is a
maximally entangled Bell state between the input and output.
This can be exemplified for the 1D chain graph. Consider
the state stabilized by the X or Y stabilizers in Eqgs. (1) and
(4), as denoted in Fig. 1(b), but with the 2-4 and 3-5 bonds dis-
connected, i.e., only with nearest neighbors. It has an odd and
even symmetry generators Soqq = 135 = X1Y3Ys526 and Seyen =
5246 = 21Y2Y4X, thus S = Zy x Z,. All the s$) involve only
Pauli-Y operators hence they commute. By measuring all
middle qubits in the x basis we obtain a Bell state between
the input and output qubits. Therefore, this state is a resource
state for general one-qubit MBQC. As in this example, one
can always write [2] s = X;, s’ = Z; and s\? = U(Xp),
sgo) = U(Zp) for some unitary U which does not change the
entanglement of the Bell state, where U(0Q) = UOU .
Consider an error described by a unitary operator E affect-
ing the resource state, |¥;;) = E|W¢). As long as E commutes
with S, it does not alter the relation s, | W) = |¥;), and hence
the perfect teleportation property persists [45]. However,
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perturbations such as Egz (€i.i+1) on the chain graph state do
not commute with these symmetries in general (unless the idle
ZZ-crosstalk acts only on even spaced vertices j — i = 2m,
where m € N). Is it possible to restore perfect teleportation in
the presence of such non-symmetric perturbations?

IV. REDUNDANT SYMMETRY

Our approach is to work with a graph having an extended
symmetry group. Starting from such a higher symmetry, con-
sider the symmetry subgroup S®) which commutes with a
perturbation E, i.e., [E,s,] =0 for any s, € SE). If this
subgroup contains (Z,)?, then computational power persists
in the presence of this perturbation. This protection holds
for different perturbations E; that may happen one at a
time, even if S are different, as long as they all contain
(Z)?*. Furthermore, these subgroup symmetries generate a
nontrivial redundancy if they share one or more vertices be-
sides / and O. Many subgroup symmetries can be found to
commute for Ising-based graphs [Eq. (3)] since link oper-
ators of the form {;/;, X;X;,Y;Y;, ziz;} all commute on the
same link.

To demonstrate symmetry-redundant QEC consider the
diamond graph with a preparation ZZ-crosstalk error, e.g.,
between qubits 3 and 5 as marked by a wavy line in Fig. 1(b).
The unperturbed graph state has a higher symmetry compared
to the 1D chain graph. This can be understood geometrically
by considering two entwined paths connecting the input and
output qubits, [green and blue paths in Fig. 1(b)]. The blue
path allows introduction of one pair of even and odd sym-
metries, 5135 = X1 X3X5Z¢ and sy46 = Z; X2 X4 Xs. However, the
green path allows introduction of another pair of even and
odd symmetries, S145 = X]X4X5Z6 and 8$236 = Z]X2X3X6. We
can see that all the middle sequences involve only X;’s, This
was achieved due to our incorporation of the unconventional
Y stabilizers in Eq. (4), and will allow to teleport using X
measurements only as in Fig. 2.

The total symmetry group is thus (Z,)*. Let us label the
symmetries as (p, g) according to the two symmetries starting
with ¢ = x, z corresponding to each path p,

Spx = XisWU (Xo),
Sp: = ZisYDU (Zo), (6)

where we have I =1, O =6, U is the Hadamard matrix,
S1,x = 8135, S1,z = 82465 52.x = 5145 and 82,z = $236-

The perturbation €; ; commutes only with the p=2 [
p = 1] symmetries for crosstalk on links (i,i+ 2) for i =
2,3 [(i,i+ 1) for i = 2,4]. For example, the €35 error in
Fig. 1(b) commutes only with {s;35, $246}, i.€., the symmetries
corresponding to the green path p = 1. This is sufficient to
guarantee perfect teleportation fidelity. In the next section, we
demonstrate this oblivious teleportation using Z3 SPT order
on a quantum machine.

V. RESULTS

To demonstrate teleportation robustness, we prepare qubit

1 in state |¢; ), where the unit vector 7 corresponds to a
location on the Bloch sphere. Quantum teleportation can be

seen as an MBQC identity gate since the output state is the
same as the input (ﬁo = ¢!. Single-qubit measurements on
input and middle qubits [1-5 in Fig. 1(b)] teleport information
from the graph input to the output [1,2,53-55]. Let us denote
by s; = 0, 1 the measurement outcomes of each of these five
measurements. The success of the teleportation is measured
by the fidelity F” = |(¢]|UL ({s:i})|¢ph)]%, which compares
the input qubit state ¢} to the output qubit state (])2. Here, U)(:p )
is a path-dependent byproduct operator. In general MBQC, the
byproduct operators describe the dependence of the resulting
gate, on measurement outcomes [2].

In our case, let us consider separately teleportation across
the green and blue paths in Fig. 1(b) (denoted p = 1, 2, re-
spectively). For the green path (p = 1) we find

U= (i) = @) o), )

Namely, as long as s13s5 and sp46 are symmetries, the output
state obtained after five measurements with results s; is |¢p) =
OU)(:" :1)({si})|¢1) for any incoming state. O is the Hadamard
(identity) matrix for paths with an even (odd) number of
vertices on the path. This can be shown using usual MBQC
methods [2]. Similarly, using the blue path, we obtain another
byproduct operator,

U)(:P:Z)({Si}) — (Z)SerSs (X)31+S4+55_ (8)

Next we use these two byproduct operators to calculate the
fidelity. We present quantum device results for F = F;. As
discussed in Appendix D we obtained the same qualitative
results for other 7.

Figure 3 plots the fidelity for two quantum devices. In the
top panel we apply the byproduct operators of the green path,
and in the bottom panel we apply the byproduct operators of
the blue path. Ideally we have perfect teleportation, 7 = 1, as
shown in the top panel by a black line. We can see that for both
quantum devices the teleportation is not perfect due to noise
which is excluded in our symmetry analysis. Nonetheless,
the graph state entanglement is ensured to allow transmission
across a quantum channel [56-60] if F; > 2/3. We can clearly
see that the ability to teleport survives in the presence of the
€35 only if we teleport along the green path. The effects of un-
controlled noises of the quantum devices can be accounted for.
In Appendix A we reproduce the observed fidelity trend for
the TonQ device using a two-qubit depolarizing noise model.

Here we assume that only one error (crosstalk event) took
place. In the case of simultaneous crosstalk on both paths, the
redundant-SPT order does not protect the information flow.
As discussed above, in MBQC one has to apply byproduct
operators depending on the measurement outcomes, and on
the path. Thus, one needs to know the path through which the
information was transmitted. This can be done by a calibra-
tion process according to error-tomography with the decision
triangle, Fig. 1(a).

The diamond graph is a simple illustration of teleportation
of quantum information over redundantly many paths in the
presence of errors. It is highly limited to specific errors. For
example, it cannot correct errors on any link. Indeed, both
the green and blue paths are corrupted for an error of the
form e34. Similarly, the diamond graph is limited to ZZ, XX,
or YY link errors, and cannot deal, e.g., with XY errors.
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FIG. 3. Fidelity for teleportation in the diamond graph along a
preserved (top) and broken (bottom) symmetry path plotted as a func-
tion of the perturbation strength to the native Ising gates. The solid
line in the top panel indicates perfect transmission. Square (Circle)
data are obtained from IonQ (IBMQ) quantum devices. These data
are lower than unity due to noise sources unprotected by topological
symmetry, e.g., two-qubit depolarizing noise, see Appendix A. The
arrow at 2/3 shows the threshold above which transmission along a
quantum channel is guaranteed. The dotted line at 1/2 indicates a
random classical channel.

Below we discuss a generalization that deals with more gen-
eral errors.

VI. HOURGLASS GRAPH

One possible generalization of the diamond graph to many
qubits is the hourglass graph shown in Fig. 4 and studied
in Ref. [46]. Its quantum circuit is shown in Appendix A.
As we will show, it protects MBQC teleportation from any
unitary perturbation in several bulk links or vertices. As in the

(1D

2,1 3.1

FIG. 4. Hourglass graph [46] containing N = 2n + 3 qubits. It
contains 2" paths connecting input and output.
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FIG. 5. The same as Fig. 3 but for the hourglass graph with n =
2 and single-qubit errors, e~ *3+X5)/2 indicated by wavy lines on
bottom vertices. The top panel shows evidence of teleportation across
a quantum channel protected by the upper non-local string symmetry
in both quantum devices.

diamond graph, one has several routes of information from
input to output. For example, the hourglass graph with odd n
has the following upper path (k = 0) and lower path (k = 1)
symmetries:

XY Yar ... Xo,
ZY1iYak ... Zo. )

However, in this case the number of paths grows ex-
ponentially with the linear size n. Indeed the operators
XnYo ,Yar,, .-, Zo and Z,,)Y 1, Y3 k5, . .., Zo are symmetries
for any k; =0, 1. For each additional two vertices in the
bulk, the number of paths multiplies to yield 2" possible
paths. In this graph, one-qubit errors in the middle re-
gion reduces the number of uncorrupted paths to half, i.e.,
we still can teleport quantum information via 2"~', and
at least one uncorrupted path can be found for any type
of two-qubit error.

As for the diamond graph, we have to apply different
byproduct operators to teleport quantum information along
different paths. For an even linear size n, if we measure the
input qubit in the x direction and bulk qubits all in the —y
direction, the condition |¢},) = OUHC|¢7) defines the byprod-
uct operator. There are 2" paths we can select. When n is an
even number, we choose the pair of paths shown in the inset of
Fig. 5 and label them as upper and lower. The corresponding
upper and lower path byproduct operators for n even are
given by

Ugl) = (Z)fntsaotFsa-1o (x yntseottseo (10)
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and
Ug) = (Z)fmHsant A (X yntsent e (11)

respectively. Here s; ;) labels measurement outcomes on bulk
vertex (i, j) in Fig. 4 and s,, labels the vertex to the right of the
input qubit S;, and to the left of s, ;. Figure 5 shows the fidelity
for the hourglass graph state with n = 2, for errors applied
to the marked lower vertices. We compute the fidelity either
based on the upper path (upper panel) or lower path (lower
panel). A comparison of the top and bottom panels shows that
the upper path allows teleportation along a quantum channel
for both quantum devices (top panel with F > 2/3).

In practice, one needs to find the broken link to select
the correct byproduct operators. To know which path has not
been corrupted by an error, we construct a postprocessing
calibration protocol in Appendix B.

VII. TELEPORTATION THROUGH
PERTURBED GROUND STATES

So far, we applied the teleportation protocol on perturbed
stabilizer states within the circuit model, for example, by ap-
plying ZZ crosstalks in Fig. 2. In this section, we illustrate our
formalism of multipath teleportation, on ground states of per-
turbed Hamiltonians, which may not be easy to prepare on a
quantum computer. We focus on three cases, in each of which
we add a specific perturbation on top of a Hamiltonian H =
- Z?:l K, where K; correspond to either X or Y stabilizers
as denoted in the hourglass graph in Fig. 4. We first ignore
the input qubit, which will be incorporated below. We notice
that the unperturbed stabilizer state has the symmetries of the
form of Eq. (9). Below, we add three types of perturbations:
(i) symmetric perturbation, i.e., and operator which commutes
with all the symmetries, (ii) nonsymmetric perturbation acting
only on the lower path, and (iii) nonsymmetric perturbation
acting on one path only. In each case we study the robustness
of teleportation fidelity. To deal with a large linear size n we
apply exact diagonalization and matrix product state (MPS)
simulations [61-67].

A. Symmetric perturbation

We perturb the stabilizer Hamiltonian by adding the fol-
lowing symmetry preserving terms:

L n
Hy = —cosa ZKj—sinaZ(Yi,o-i-Yi,l), (12)
i=1

j=1

where L = 2n + 2 is the number of stabilizer terms. As de-
tailed in Appendix C, after finding the ground state of this
Hamiltonian using an MPS approximation, the input qubit
is entangled with the first site on the left, denoted m, and
subsequently measurements are performed to realize our tele-
portation protocol along a desired path. We also define the
total number of qubits tobe N = L + 1.

The results for the upper path are shown in Fig. 6. For
each o we generated a resource state. Each point corresponds
to 25 random input states. The average over the random
states and the runs converges to the fidelity of the MBQC
protocol, which is the success probability to teleport random

1.01 = - - ¥ - -
2\
L.
0.8 1 |\
1\
—~ L\
gl
2 0.6 \\
3 T\
% .IIIIIIIIIIIIIIIIII‘X
£ 0.4/ \u
= MPS(N=11)
MPS(N=23)
021 4 MPS(N=31)
= = = Random
0.0 0 a4 a2
a

FIG. 6. MBQC teleportation fidelity for the upper path in the
hourglass graph perturbed as in Hy. The calculations were done using
MPS for 25 random input states, for further details see Appendix C.
The results show the protection of the teleportation protocol for
o # m /2 along the upper path. Due to convergence problems of the
bond dimension, we excluded one point near 7 /2.

input state. Our MPS calculations show that the fidelity us-
ing unperturbed paths is unity for all converged MPS data,
except the unentangled point o = 7 /2. The interesting fact
that perfect teleportation persists in the presence of sym-
metric perturbations was shown in Ref. [45]. However, we
note that computational power, which includes single-qubit
rotations, does degrade with «. This degradation is encoded
in the SOP which is an SPT order parameter, as we now
discuss.

Let us consider the SOP for a particular path. Specifically,
we consider

O’ =Zar0Za-n | T1
L/4>r>|L/8]

Yi2-2r0 | Xo, (13)

where X acts on the output (rightmost) qubitand [ = L/2 —
2|L/8]. Let us discuss the physical meaning of this SOP. It
consists of a product of stabilizers K; from the middle of the
chain at site /, and along the upper path, all the way to and
including the output qubit. A finite value of O'P5" is an SPT
order parameter, which can be path dependent.

The results are given in Fig. 7. As we can see for the
unperturbed state at = 0 we have a unit SOP, O,2*" =1,
which decreases with «. A similar earlier study for a single
chain [47] observes a phase transition at intermediate «. We
expect that our system shows a similar phase transition at
an intermediate « although the system’s length that we ap-
proached L < 30 do not allow to determine its location. For
the Hamiltonian Eq. (12) the perturbation is symmetric, hence

the SOP does not depend on the path.
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FIG. 7. The SOP, (0"}, of the upper path plotted for the
hourglass resource states used for the MBQC teleportation protocol
(without an input qubit) in the presence of symmetric noise. The
phase transition at o, = 7 /4 is sharp in the limit L — o0, indicating

that the computational power for rotations disappears for o > «..

B. Quasiglobal nonsymmetric perturbation

Next we consider the resource state derived from the
Hamiltonian

L n
Hy = —cosa Y K;—sina Y (Zio+Zy). (14)

j=1 i=1

For the ground state of this Hamiltonian, the SOP Eq. (13) is
plotted in Fig. 8. As the system size grows the SOP diminishes
to O very fast, indicating that the perturbation destroys the
inherent computational power of the resource state even for

O 7l a2
a

FIG. 8. The SOP, (O.FF"), of the upper path plotted for the
hourglass resource states used for the MBQC teleportation protocol
(without an input qubit) in the presence of non-symmetric noise. As L
increases, the computational power diminishes faster and completely
vanishes for smaller «. This indicates that in the limit L — oo we
may have no computational power even for any o > 0 as it seems to

vanish exponentially fast.

1.0 =g O

7:‘protected =1

0.81

\ S N
0.6 Qt\ ‘\ -

(F)
o
]
/
/

0.4 EDWN=7)
ED(N=9)
MPS(N=11)

0.2 MPS(N=23)
MPS(N=31)
Random

0.0 0 nl4 /2

FIG. 9. Teleportation fidelity versus Z-perturbation strength in
the hourglass graph [Eq. (15)] averaged over several different input
qubit orientations. The solid line shows perfect teleportation along
the upper path obtained for all system lengths for all but the o« = 7 /2
point. The symbols, obtained using exact diagonalization (ED) and
MPS, are for various graph lengths, N = 2n + 3 (see Fig. 4), along
the lower path. Teleportation along the perturbed path degrades with
increasing graph length. For the ED we used 100 random input states
in the Bloch sphere. For the MPS calculation we used 75 random
states in the XY plane as input, each sampled by 100 measurements,
see Appendix C for description of the MPS simulations.

small «. Also in this case, the SOP does not depend on the
selected path, and is diminished with « for both upper lower
paths paths.

C. Nonsymmetric perturbation on one path

Finally, we consider the Hamiltonian
L n
H%OWH = —cosa ZK/ —sina ZZ,-J, (15)
j=1 i=1

where the nonsymmetric perturbations act only on the lower
sites of the hourglass graph. The black line in Fig. 9 plots
perfect fidelity, which we explicitly obtained for o < 7 /2,
arising from teleportation along the upper path, which sup-
ports the exact symmetries Eq. (9) with k = 0. The remaining
lines show degradation in teleportation fidelity when using the
lower path arising from broken string order. These classical
simulations show that large # still permits perfect transmission
along the graph in spite of large numbers of non-symmetry
preserving errors in the graph.

VIII. SPT ORDER AND DEGENERACIES

IN THE REDUCED DENSITY MATRICES

In this section, we show that the error protection results
from protected degeneracies in the entanglement spectrum,
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which are characterized by quantum numbers of the symmetry
which survives in the presence of errors.

We consider pure graph states described by density ma-
trix p%=|WY) (VY. To identify SPTO in these graph
states, we perform a Schmidt decomposition into regions A
and B,

W) =" Valvd)vd). (16)

This allows to construct and diagonalize the reduced density
matrices pg, having eigenvalues 1,,

pg =Trpp® = " 2|yl )wl| (17

As we now discuss for the chain and diamond graphs, the
symmetry operators acting on the subsystem for each graph
can also be diagonalized. The resulting reduced density matrix
is then block diagonal [45,68] in terms of these symmetries.

1. Chain graph

Let us explicitly diagonalize the reduced density matrix of
the six vertex chain graph defined by |V (0)). We first trace
out vertices 1, 2, and 3 of the chain (region B) to obtain the
reduced density matrix for region A, and obtain

2

s =D i) wlls (18)
i
where
lvi) = %(|+>z|—>«;|+>g + L)),
WE) = = (3L + 1= —L—). (19)

/2

where |£)?, |£)?, and |£); denote the eigenstates of the
Pauli matrices X;, Y;, and Z;, respectively. Equations (18) and
(19) show, by explicit diagonalization, that ,of has degenerate
eigenvalues, )\f = Ag =1/2.

We now show that the eigenstates of p§ are also eigenstates
of the reduced chain symmetries. As discussed in Sec. III,
the chain graph has symmetry generators s;35 = X;Y3YsZ¢ and
S246 = Z1Y2Y4Xe. By tracing out the vertices in region B we
obtain reduced symmetries YsZs and Y4Xs. We note that the
reduced symmetries do not commute. Furthermore,

YsZo|wrs) = (= 1) |y f),
YaXs|y$) = (=1 ilys,), (20)

forr =1 and 2.

We see that we can simultaneously diagonalize p§ and
either Trg[sa46] or Trg[siss]. The noncommutativity of the
latter two, along with their commutativity with o, directly
implies the degeneracies of eigenvalues. This degeneracy is a
property of the SPT phase protected by the (Z,)> symmetry.

2. Diamond graph

Now consider the diamond graph. Tracing out vertices 1,
2, and 3 in region B, we obtain the reduced density matrix for

region A, p?. We diagonalize the reduced density matrix and
find

o= Aul) (P, @)
v=1
where
[wP) = [+H)51H)51+)e
[¥2) = [+)51-)51 ).
[W?) = |55 +)%.
[v) = [=)51-)51—)%. (22)

We see four degenerate eigenvalues in the reduced density
matrix, AP =22 =10 =20 = 1/4.

We now show that the eigenstates of p2 are also eigenstates
of the reduced chain symmetries. Recall from Sec. IV that the
diamond graph has the symmetry generators

5135 = X1 X3X57g,
5246 = 21X X4 X,
s145 = X1 X4X5Zg,
5236 = Z1X2X3X.

Tracing out vertices 1, 2, and 3 leaves the reduced symme-
try generators XsZs, XaXs, XaXs5Zs, and Xg. We now have
two symmetry groups since [X3Xs5Zg, Xg] # 0 and [Xs5Zg,
X4Xs] # 0. We can construct the eigenstates of the reduced
symmetries

Xo|yP) = (=1 |yP),
X4X6|W,,D> = (_I)H_] |1/f£r2mod4)’
XaXsZs|y)) = [¥s.,),

XsZo|¥ryy-1) = |[¥2)) (23)

We can simultaneously diagonalize p? and two commuting
reduced string symmetries, for example Xg and X4 Xe, to obtain
the four degenerate eigenstates. This corresponds to the (Z,)*
symmetry. Upon adding an error which lowers the symmetry,
for example €35, we are still left with two symmetries 5135 and
$246, Which as discussed above, still preserve a degeneracy in
the entanglement spectrum corresponding to the lower sym-
metry (Z,)* which is still sufficient for teleportation.

IX. SUMMARY AND OUTLOOK

We constructed an error correction and detection protocol
using nonlocal symmetries in graph states. By showing that
certain graph states contain enlarged (Z, )¢ SPT order we used
the ensuing redundancy in symmetry to locate and correct
errors. The protocol was demonstrated to protect non-local
measurement-based teleportation along a quantum channel in
quantum devices for example graphs.

Our work has implications for correcting errors in MBQC
resource states on noisy near-term quantum computers where
ZZ-crosstalk is nontrivial to correct using conventional error
correction with local stabilizers. Furthermore, our protocol
can be extended beyond teleportation to correct other logical
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IonQ and on IBMQ, respectively. The data are significantly
impacted by noise beyond the unitary noise sources discussed
in the main text. These noise sources suppress the fidelity
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TABLE II. Calibration data of the IonQ device backend, used to generate the real-device simulation data. Abbreviations are defined as
follows: GT-1Q= single qubit gate time, GT-2Q= two qubit gate time, RT=readout time, RS=reset time, F-1Q= single-qubit gate fidelity,
F-2Q=two-qubit gate fidelity, SPAM=state preparation and measurement fidelity.

Qubit Tl (s) T2 (s) GT-1Q(s)

GT-2Q(s)

RT(s) RS(s) F-1Q F-2Q SPAM

Q0-10(Mean) 10000 0.2 0.00001

0.0002

0.00013 0.0002 0.9986 0.9726 0.99752

beyond our analysis. Tables I and II show device parameters
from the quantum devices used to create the data shown in the
main text.

‘We model the noise on the IonQ device. Table II shows that
two-qubit gate fidelity is lowest. The native two-qubit gates
in the IonQ device [70] are Mglmer-Sgrenson Ising-based
gates. We model nonunitary perturbations using two-qubit
gate depolarizing noise defined in the QISKIT noise model
[71]. We use the two-qubit depolarizing channel as a proxy
for cumulative error due to a variety of nonunitary noise
sources [70,72].

Figure 12 compares real device teleportation demosntra-
tions with simulation. In the classical simulations, we choose
two different two-qubit depolarizing noise probabilities to
bound the quantum device data. We see that the real device
data points (red circles) lie between simulator results (upward
and downward triangles) which captures the qualitative effect
of noise seen on the real device. We therefore conclude that
two-qubit depolarizing noise serves as a good model for the
dominant noise channel which, in turn, lowers the teleporta-
tion fidelity for lonQ Harmony from the ideal values discussed
in the main text.

APPENDIX B: MBQC PROTOCOL PATH CALIBRATION

In this Appendix we describe the calibration process of
finding the correct path to use and how to find on what sites the
errors occur. We focus on one-qubit error here as two errors
may block both paths, reducing the fidelity of the teleporta-
tion. We further assume, as in other noisy quantum device
error mitigation techniques, that the errors do not change
drastically from the calibration process to the actual hardware.

|01 e Re(=m) X
|+ )5 rin) T
|+ )3 Re(—m)—| Rx@) [~
|+ l e X
| + )gc Rz(—m)|—] Rx(@) —Y/7<'
[+ 7% R0 | o)

FIG. 11. Hourglass Graph Circuit Diagram: Same as in Fig. 2
but used for the hourglass graph with final qubit measurements along
the x direction. Single qubit x rotations are then applied, where
R (o) = e™@X/2,

Let us focus on the case of Fig. 4 in the main text. Here
we have the upper path and the lower path, where one path is
broken but we do not know which. To find the broken path we
teleport a simple known state such as |0) or |+), as those do
not require tomography or different quantum measurements
for the paths, and use the byproduct operators of both paths on
the output to get two bits spr, s10% each for its respective
path. In the case of no errors, both should be 0, indicating
perfect fidelity, however, as one path is erroneous the fidelity
will not be perfect. On a real quantum computer, it may be that
both paths contain some errors, but one path has decreased
fidelity with respect to the other one ( i.e., 90% vs 60% fi-
delity). Hence, we calibrate the quantum computer to the best
path using the average fidelity over the simple quantum states.
Additionally, we may use tomography and sample input states
randomly to have better sampling. Therefore, in the case of a
single erroneous path the calibration method always finds the
correct path.

In the case that the input state is unknown and only one
sample is given, one may use a graph similar to the one in

1.00
CCe—=9=—g-——F==F==9==_C
015 T o : gy
3
3
£ 0.50
&~ — Ideal
025 =@- IonQ
Depolarizing Noise (p=0.05)
Depolarizing Noise (p=0.09)
! /4 0 74
€35
1.00
—_—m= g
== =
33 - //\\
o}
S -
£0.50 /
=
g — [deal
& 0.25( @m0
Depolarizing Noise (p=0.03)
Depolarizing Noise (p=0.07)
0'0977/4 0 74

£12

FIG. 12. The same as the IonQ data in Fig. 3 in the main text
but with classical noise-model simulations included (triangular sym-
bols). The classical noise-model simulations include a calculation of
the fidelity with depolarizing noise applied to two-qubit gates used to
build the graph state. The fidelity is measured using the initial qubit
aligned along the +z direction. p is the probability of the two-qubit
depolarizing noise [71]. The qualitative accuracy between the noise
model and the real machine data indicate that two-qubit depolariz-
ing noise offers a good model for non-unitary perturbations found
on lonQ.
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FIG. 13. The same as the top panel of Fig. 3, but for an input state
that that is at an angle 7 /4 in the XY plane. The black line shows the
ideal case and the red circles are data taken on the IonQ device.

Fig. 4, but with three rows instead of two. In this case, if only
one error is present, or only one path is broken, one can use
the byproducts of each path to obtain three distinct results
such that two results will be correct and one will be wrong
as we assume only one path is perturbed. Using the majority
rule, one obtains the correct result. Furthermore, the perturbed
path is detected with only a single measurement. One may
find it analogous to the classical repetition code with three
bits, where one is able to detect and correct one error using
majority rule.

APPENDIX C: MATRIX PRODUCT STATE SIMULATIONS

In this Appendix we describe our explicit MPS procedure
to perform teleportation through the MPS ground states of
Hamiltonians Eqgs. (12), (14), and (15).

First, the ground state for these Hamiltonians acting on L =
2 + 2n sites, excluding the input qubit, is constructed for any
o using MPS which is found to be an excellent approximation
to the true ground state. The resulting ground state is then used
as the resource state for our MBQC protocol as follows.

(1) Preparation: We couple the obtained MPS states of
L = 2n + 2 qubits to the additional input state. The input state
is chosen randomly in the XY plane on the Bloch sphere, with
arandom azimuthal angle ¢. This input state is then entangled
with a CZ gate with the left most qubit m, see Fig. 4.

(2) Measurement: We first apply a rotation on every qubit
in the MPS according to the desired measurements, i.e., for X

measurements we apply an H gate, and for ¥ measurements
we apply HS'. The output is not being acted on. We then
sample the MPS, excluding the output, in the computational
basis by applying the projectors according to the measure-
ments probabilities. This results in measurement results s; =
0, 1 for the qubit i, where s;, is the result for the input qubit.

(3) The output is measured in two steps. First we ro-
tate around Z by an angle (—1)'*¢, which corrects the X
byproduct operator, where the sign is path dependent [ypper =
Sm+ Y 1 52k,0)> lower = Sm + D S2k,1)- Then, a simple mea-
surement in the X direction follows by applying H and the
result is s,.

(4) We expect to get s, = 0, but that is only true if there
were no Z byproduct operators that flip the result (in the X
basis). Thus, a flip is needed in the case of a Z byproduct
operator. This depends on the path, hence, we flip if [ =
1 (mod 2), where lypper = Sin + D4 S@k—1,0)s lower = Sin +
> i Sek—1,1) are the [ for their respective paths. After flipping,
the result is s, = 0 if the MBQC teleportation protocol was
successful. In Fig. 6 (Fig. 9) we performed 10 (100) measure-
ments to compute the fidelity for each of the 25 (75) random
input states.

APPENDIX D: NONPOLAR INPUT STATE
AND QUANTUM TOMOGRAPHY

In this Appendix, we describe the methodology for per-
forming quantum tomography on a randomly selected input
state within the Bloch sphere. We illustrate this process using
a Diamond graph example where the input state resides in the
XY plane.

To teleport a qubit prepared in the XY plane, we implement
a modified protocol. First, we include a Hadamard gate to the
output qubit. We then must update the byproduct operator. We
must also perform repeated measurements on the output qubit
along all three directions. Binning measurement outcomes in
all three directions allows us to reconstruct the density matrix
of the output qubit, p,,, in the usual manner. We then construct
the teleportation fidelity to be: Tr(p;,0,), Where p;, is the
density matrix of the input qubit.

Figure 13 plots results using this protocol. The graph state
and perturbations are chosen to be same as the top panel in
Fig. 3 but with the input state at an angle 7 /4 in the XY plane
and the fidelity measured to be Tr(p;,0,,)- The data were taken
on the IonQ device. The fidelities are lower than in the main
text because the added tomography steps add errors.
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