PHYSICAL REVIEW A 113, L011304 (2026)

Quantum Hall correlations in tilted extended Bose-Hubbard chains
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We demonstrate characteristics of a bosonic fractional quantum Hall (FQH) state in a one-dimensional
extended Bose-Hubbard model (eBHM) with a static tilt. In the large tilt limit, quenched kinetic energy leads
to emergent dipole moment conservation, enabling mapping to a model generating FQH states. Using exact
diagonalization, density matrix renormalization group, and an analytical transfer matrix approach, we analyze
energy and entanglement properties to reveal FQH correlations. Our findings set the stage for the use of quenched
kinetics in simple time-reversal invariant eBHMs to explore emergent phenomena.
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Introduction. Bose-Hubbard models (BHMs) were first
constructed to study the quantum liquid phases of helium [1].
They have since been used to model a variety of systems, in-
cluding helium supersolids [2,3], disordered superconductors
[4], Josephson junction arrays [5], photonics-based systems
(such as photonic crystal cavities and circuit-QED devices
[6-10]), and optically trapped ultracold atoms and molecules
[11-15]. Ground states of these models typically follow the
Landau paradigm of conventional ordering [16].

Strategies aimed at enriching the phase diagrams of these
models beyond the Landau paradigm frequently employ syn-
thetic external fields, implemented in theoretical frameworks
or experimental setups [17-28]. Efforts to, for example, con-
struct and study large magnetic field effects on bosons seek
to reach the lowest Landau level (LLL) limit where, as
Laughlin first pointed out [29], the flat kinetic energy band
leads to interaction-only models captured by idealized parent
models [30,31]. Here, fractional quantum Hall (FQH) states
emerge [32-34]. The Laughlin states [33] defy conventional
Landau-paradigm order parameters but are instead defined
by a collection of specific features we call FQH correla-
tions: zero-energy ground states [30,31]; robust energy gaps
[35]; gaplesss U (1) Luttinger liquid edges [36]; fractionally
charged excitations [33]; and ground state degeneracies de-
rived from an interplay of many-body translational symmetry
[37] and a dipole (or center-of-mass) symmetry [38]. The
ground state degeneracies connect to topological order [39].
For example, a bosonic Laughlin state with a twofold ground
state degeneracy arises in its parent model when the magnetic
field is tuned to have two magnetic flux quanta per particle,
i.e., at FQH filling vy = 1/2.

The Wannier-Stark effect has recently been explored as
a seemingly disparate route to enrich the physics of BHMs
[40—47]. Motivated by studies of localization and band flat-
tening [48-54], recent work demonstrated that application
of a strong static (time-reversal invariant) tilt to the BHM

“Contact author: hsable @vt.edu
fContact author: subrata@vt.edu
*Contact author: scarola@vt.edu

2469-9926/2026/113(1)/L011304(7)

L011304-1

can realize unconventional phases by constraining kinetics
and emphasizing interaction induced effects [55], in direct
analogy to quenched kinetic energy in the LLL [29]. The
constrained kinetics is due to an emergent dipole-conserving
symmetry [43,56], analogous to the symmetry generating
FQH correlations. These analogies thus suggest [52] the
exciting possibility that mappings [Fig. 1(a) depicts the map-
ping] between parent two-dimensional (2D) FQH models
and dipole-conserving one-dimensional (1D) lattice models
[38,57-66] might help uncover important but hidden physics
in dipole-conserving BHMs.

We connect a 2D FQH model and a dipole-conserving
1D extended Bose-Hubbard model (eBHM), revealing FQH
correlations in the latter. While the conventional Landau-
paradigm phases, e.g., density waves (DWs), have been
studied in the 1D eBHM [67,68], we demonstrate that the
1D eBHM with a tilt reveals FQH correlations wherein
the ground state adiabatically connects to a Laughlin state
[38,69]. We use exact diagonalization (ED) [70] and density
matrix renormalization group (DMRG) [71-74] techniques
for numerical simulations, and a matrix product state (MPS)
wave function [64,65] to analytically compute ground state
entanglement properties and make observable predictions to-
ward this emergent quantum phase. Our work thus introduces
a surprisingly simple route to realize an FQH correlated state
that complements existing approaches in photonic systems
[18,19,21,26], superconducting qubits [75-77], and ultracold
atoms [17,24,25,78,79]. Our results provide a unifying per-
spective on a diverse set of topics, connecting topological
quantum phases of matter, such as FQH states, with dipole-
conserving BHMs. We summarize by proposing directions
to generalize the connection between FQH models and time-
reversal invariant BHMs.

Model. We consider the repulsive eBHM on a chain with a
spatial tilt at lattice filling v, = 1/2,

N;
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FIG. 1. (a) Top: Bosons on a 2D periodic surface in a strong
magnetic field perpendicular to the surface (not shown). The cir-
cumference is L,. LLL single-particle orbitals are drawn as ribbons
localized along the x direction. A bipartition separates the sys-
tem into subsystems A and B used in entanglement calculations.
The arrows at the edges of bipartitions depict FQH edge currents.
Bottom: A dipole-conserving lattice model where each site (sphere)
is mapped from a corresponding FQH orbital in the top. A similar
bipartition divides the lattice. (b) Depiction of the dipole-conserving
double hop of two bosons to neighboring sites.

where B; creates a boson at lattice site j, J is the
single-particle hopping energy, U (V) is the on-site (nearest-
neighbor) interaction energy, A is the tilt strength, and N;
denotes the number of sites.

We expand Eq. (1) in the strong tilt limit, A > J and
A > U > V, using the Schrieffer-Wolff transformation [56].
We set V/U = 2J%/A? and introduce a gauge transformation
on bosonic operators, a; = jjmod2j, j» to obtain a Hamilto-
nian valid up to O[(J/A)?, (U/A)?*] (proven in Supplemental
Material Sec. I [80]),

Hy =" [aj(h; — 1) +28(g + 3itjijp1 + &itjitj

J

2

AT
aj la aj+1aj+2+HC)] (2)

+ (g &;a§+la;+2 -8
where the gauge transformation gives a positive dipole hop-
ping term [the second to last term as depicted in Fig. 1(b)]
with strength g = 2J2/(A? — 2J2). Importantly,H commutes
with the dipole-moment operator P = > ; Jhj(mod Ny). We
therefore consider Eq. (2) as projected into individual dipole
moment sectors, thus allowing omission of the constant tilt
term and use of periodic boundary conditions.

Equation (2) has another important symmetry, [H,, 7] = 0,
where T = I—[IJY‘:] fj is a many-body translational operator,
and T] translates a particle at site j by one site to the right. 7" is
of the same form as the symmetry [37] underlying topological
order in Laughlin states [39] and establishes a FQH-like al-
gebra, UT = exp(2riv, )T U, where U = exp(27wiP /N;). The
phase factor arising from the analogous FQH algebra is,
for comparison, exp(2mwivgon) [38]. Because T and U both

commute with Hg but do not commute with each other, for
vy, = 1/2, both |v,) and T |,) have different eigenvalues of
U, leading to a twofold degenerate ground state sector [38,81],
analogous to vog = 1/2 FQH models. The existence of these
symmetries in ﬁg establishes underlying conditions for FQH
correlations, as we argue next.

We compare the low-energy properties of Eq. (2) to a 2D
FQH parent model [30,63] of bosons with a repulsive delta
function interaction on a thin cylinder of circumference L, and
periodic boundaries at vog = 1/2,
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j+mBJ+kBj+m+kBj’ (3)

where B’ creates a boson in LLL orbital Jj [see Fig. 1(a), and
Supplemental Material Sec. II [80] for a review].

The matrix elements are exponentially suppressed in 1 /Ly2
and thus allow expansion by a small parameter. To see how
the small parameter arises, note that a single-particle LLL
basis state can be written as a product of a plane wave
around the circumference (y direction) and a Gaussian along
the length (x direction), e/>™*/L:)Y¢, (x), where k is an in-
teger and ¢ (x) ~ exp[—(x + 27wk/L,)*/2]. The strength of
the FQH Hamiltonian matrix elements is then determined
by the overlaps between nearest-neighbor basis states along
x, [ (x)|@rx1(x))|* ~ exp(—4m?/L}), which yields a small

parameter for low L,. For large L,, the ground states of I-?QH
become the bosonic Laughlin state [60].

Remarkably, the first four terms of Eq. (2) are nearly the
same as the four lowest-order terms of Eq. (3) (Sec. II of
Supplemental Material [80]). The coefficient of the nearest-
neighbor interaction term in Eq. (2) differs from the FQH
model and the last term in Eq. (2) is qualitatively distinct;
otherwise they are the same. This shows that I-?g has the
form of a short-ranged FQH-like model. To equate the ma-
trix elements of both models, we make the assignment g —
2exp(—4m?/1%), where [ is an artificial length parameter, in
Eq. (2). By inserting [, we quantitatively connect a length
scale in a 2D FQH model (circumference, L) to internal
parameters in I-7g (the ratio of energy scales captured by [).
Conversely, the internal parameters of ﬂg can be used to study
the length scaling in FQH models. As both J and A are highly
controllable in synthetic quantum systems such as cold atoms
in optical lattices, tuning g is feasible.

Spectral Structure. We compare properties of eigenstates
of Egs. (2) and (3) in finite-size systems. As expected from
Eq. (3), we first checked that Eq. (2) has two zero-energy
ground states for low g, using ED and DMRG for up to 32
particles. At high g, while the degeneracy is still two, there
are small deviations from zero energy due to the last term
in Eq. (2). This confirms a twofold degenerate ground state
and energy gap (Sec. I of Supplemental Material [80] presents
additional charge gap data). These findings are consistent with
generic requirements [81] in lattice models at v, = 1/2.

To see the impact of differences between Egs. (2) and
(3), we simulate moderate to large g values. Figure 2 shows
example data comparing energy spectra of Eqgs. (2) and (3)
for moderately high g, g = 0.8. As noted earlier, the ground
state is marginally lowered below zero, by ~1072, implying
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FIG. 2. (a) Low-lying energy eigenvalues of ﬁg vs dipole mo-
ment eigenvalue, P, at g = 0.8 for N; = 16. Here, we see the ground
state degeneracy between P sectors and the energy gap. The insets
depict the density profile for the ground states in P = O and P = N, /2
sectors. (b) The same but for ﬂQH atL, =6.5.

that the correction in energy is an order of magnitude smaller
than g. There are other changes to the excitation spectra. For
instance, comparing Figs. 2(a) and 2(b), we see that the P = 1
excitation sector is higher for Eq. (2). Nonetheless, we have
checked that the spectra remain qualitatively similar as we
tune g.

Ground State as an MPS. We now focus on ground state
properties. Figure 3 shows the overlap, |(y,|WL, )|, between
the ground state of Eq. (3), |¥ ), and the ground state of
Eq. (2), |Y), computed using ED. The solid line depicts
the path obtained by equating / and L, to best approximate
the matrix elements of both models. Along this line, we find
significant overlaps, nearly 90% and higher, for L, < 7. The
overlap starts to decrease at large g because higher-order terms
in Eq. (3) and the last term in Eq. (2) differ. We note that
the gauge prescription used to make the dipole hopping term
positive is crucial for a nonzero overlap. This implies that [1/r¢)
features FQH correlations up to this gauge transformation.
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FIG. 3. Overlap between the ground states of H, and Hgy as we
vary dipole hopping strength in ﬂg against the torus circumference
in the FQH parent model, for Ny = 16. The solid line denotes the
parameter choice where the lowest-order terms in each model match.
The diamond denotes an example parameter g = 0.8 choice that
yields an overlap of 90%.

The ground state of Eq. (2) can, in the absence of the g
hopping term, be written as an MPS [64]:

Weowes = | | [1 - ia,-,l(a}f a,ﬂ} 1101010...). (4)

R R
This wave function is equivalent to a bosonic Laughlin state
[65] up to linear order in g. |V/¢),ps allows analytic computa-
tion of correlation functions with the transfer matrix method.

Correlation functions based on the density reveal a DW
phase featuring quantum correlations. |v/¢),,ps and our numer-
ical results for [1/,) on finite-size systems show oscillating
density order, as in Fig. 2. We also find that density-
density fluctuations, (n;n;) — (n;)(n;) decay exponentially
with |j — j’|, consistent with expectations of a gapped 1D
quantum phase [82] (Sec. III of Supplemental Material [80]
provides numerical data). However, this DW has key differ-
ences from ordinary DWs. Most prominently, the eigenstates
of Eq. (2) have zero dipole moment fluctuations, (P?) —
(P)> =0 arising from FQH symmetries, whereas conven-
tional DWs studied in typical eBHMs [e.g., Eq. (1) with A =
0 [67]] have (P?) — (P)% # 0. Section IV of Supplemental
Material [80] shows an example comparison. Dipole moment
fluctuations, therefore, offer an observable that distinguishes
dipole-conserving ground states from conventional DWs.

Bipartite Entanglement and Density Fluctuations. We now
characterize the entanglement properties of I-7g ground states.
The substitution g — 2exp(—4m2/[?) allows us to also ex-
amine the scaling of entanglement properties with / in direct
comparison with conventional studies of entanglement that
typically probe system-size (length scale) dependence [83].
We start with the entanglement spectrum (ES).

The ES {£,} is defined in terms of the pure state Schmidt
decomposition of the ground state: Y, e~5/2 |y4) @ |y/5).
The states [) (J¢5)) form an orthonormal basis for sub-
system A (B) due to the bipartition, depicted in Fig. 1(a). The
ES can also be labeled with a quantum number defined by
the dipole-moment eigenvalue for partition A, Px(mod N;/2)
[62,84].

The inset of Fig. 4(a) plots the ES against APy, the de-
viation in dipole moment from the“vacuum” state defined
as |101010...). The two largest eigenvalues arise from the
last (correction) term in ﬁg. Otherwise, the remaining four
lowest levels form a diamond where the ES of I-I(g and the
FQH model match. To understand the four-level diamond ES
structure, we start with Wf‘), the state adiabatically connected
to the vacuum state with eigenvalue &, near zero. Removing
or adding an edge particle to |y¢') creates two degenerate dis-
persing modes, with energies &, and &3 that arise at AP, = +1
[these map to the linearly dispersing edge modes in the FQH
model depicted as edge currents in Fig. 1(a)]. The fourth
state, with energy &4, can be thought of as a combination
of these dispersing modes so that the energy is roughly the
sum of the energies of both dispersing modes and the APx
combine to cancel, leaving AP, = 0. The diamond structure
is therefore consistent with the conformal tower structure
of edge Tomonaga-Luttinger liquids seen for FQH models
[62,65]. Note that the edge of I-?g is just a single lattice site
but is nonetheless characterized by FQH-like edge current
ES with [.
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FIG. 4. (a) Entanglement entropy vs g, showing both DMRG
data (symbols) for the ground state of |,) and analytical result from
[We)yps (solid line) for N; = 64. The inset depiActs the ES, &,, vs
dipole moment difference for the ground state of Hqy (open squares)
and the ground state of ﬁg (solid circles) for g = 0.5, and adjacent
numbers represent n. The dashed lines are a guide. (b) The same, but
for the bipartite number fluctuations.

We use |fg)yps to derive the ES. Section V of Sup-
plemental Material [80] reports the full formulas. Ex-
panding about g = 0 up to O(g’) yields & ~ g%, & =& ~
In(2) — 21In(g) + 2¢°, and & ~ 21In(2) — 41n(g) + 3¢>. Tak-
ing g — 2exp(—4m?/1%) shows that the ES diamond has
a height £ — £, = In(4) + 1672172 4 O[exp(—1/1?)], where
the /=2 term shows the leading-order impact of entangle-
ment as the eBHM hopping increases (or, similarly, as the
FQH torus diameter is enlarged). The quadratic scaling of
& with g manifests in other entanglement quantities as
well.

We also compute the entanglement entropy: S =
> £,e7% [83]. Figure 4(a) compares S for |g), and
the analytic result obtained from [¢,),pg (see Sec. V of
Supplemental Material [80] for the full functional form of S),
and we see excellent agreement. Since [v/;),pg 18 €quivalent
to a bosonic Laughlin state at linear order in g, the agreement
of the numerical data of H, with analytics reiterates the FQH

correlations in Hg. Some deviations occur at large g due to the
last term in Eq. (2). Furthermore, we have checked that S for
Eq. (3) is identical to within 3% for g < 0.8.

We extract the asymptotic scalings of the entanglement
entropy using |¥¢)yps- We find that the g and In(g) scaling
in &, appear such that S(g) = g*[1 + In(2) — In(g%)] + O(g*).
For [ — 0, we find a vanishing entanglement entropy, S —
exp(—8m2/1%)[1 + In(2) + 872 /I?)], consistent with the van-
ishing entanglement on a thinning FQH torus model. We find
that the large and small / limits of S saturate to constants,
which is also consistent with a theorem establishing area law
bounds on the entanglement entropy for gapped short-range
1D spin models [85]. The saturation contrasts with known 2D
area law scalings of entanglement entropy, ~cl, where c is a
constant [83].

The scaling of the entanglement spectrum and entropy
can be connected with observables [86,87]. We compute the
bipartite number fluctuations of subsystem A defined as F =
(N4 — (N4))?), with the expectation value taken with respect
to the ground state [86]. We find F(g) = g* + O(g*), which
results from the g2 scaling found in &;.

To check the robustness of these predictions, we intro-
duce €: V/U = 2J?/A? + €. Since H, is derived for € =0,
a nonzero € perturbs all the terms of ﬂg (proven in Sec. VI in
the Supplemental Material [80]). Figure 4 shows that € does
not change the predictions for S and F as long as it is well
below the energy gap. The scaling of the observable F with g
can therefore be used to verify the predicted thin torus FQH
scaling of S with g in the eBHM.

Outlook. We demonstrate FQH correlations hidden in
strongly tilted 1D eBHMs. Future work shall examine
other possible emergent properties imposed by tilt including
searches for a nontrivial Zak phase [88,89], calculations done
at different fillings to explore the concept of vortex attachment
[34,90], and a possible analog to the bosonic Moore-Read
state [91,92] at v, = 1. It would also be interesting to establish
bounds on the minimal number of longer-range interaction
terms needed in the 1D eBHM to observe a topological param-
eter scaling, ~c[ 4 y, where y is topological entanglement
entropy, and has value log(d) where d denotes the ground
state degeneracy [93-95]. In addition, higher-dimensional
eBHMs might reveal similar FQH correlations by connecting
4D FQH models [96,97] to eBHMs with time reversal invari-
ant fields.
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